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ABSTRACT .
A three-body model for a deuteron stripping reaction is developed 
which includes coupling to the deuteron -singlet channel. In this model 
an effective one-body Schrodinger equation for the deuteron is derived, 
such that all three-body effects are contained exactly within the deuteron 
potential. Approximations are demonstrated whereby the exact three-body 
model reduces to a) the Watanabe model and b) a resemblance to the 
adiabatic model.
The recent proposal, that deuteron sub-Coulomb stripping reactions 
could be used as a method to obtain quantitative information about the 
deuteron D-state is investigated. Two uncertainties in this determination 
are considered a) the singlet deuteron break-up channel, and b) a tensor 
TR force in the deuteron channel. The reactions studied are 208Pb (d,p) 
209Pb, Ed = 9.0 MeV and 90Zr (3,p) 91Zr, -Ed = 5.5MeV. . General 
considerations of Sub-Coulomb stripping reactions are discussed.
The coupling to the singlet channel is solved exactly using a
modified Numerov numerical method, in the light of new information
1 3concerning the strength of the S'- S coupling from (p,n) experiments.
The exact method is contrasted to the symmetric approximation employed 
in previous work. As a result, it is found that the region of the 
nuclear interior is the most important for singlet coupling.
•The deuteron TR tensor term is derived from a) the Watanabe 
model, and b) the reformulated Johnson and Soper adiabatic model.
The adiabatic TR is found to be considerably smaller to the Watanabe 
Tr . The uncertainty by using a three-body TR which includes break-up 
effects in a deuteron stripping reaction is thereby minimized. Results 
for 299Pb(cl,p) 209Pb and 90Zr(3,p) 9*Zr verify this.
The reaction 90Zr (5,p) 93Zr,Ed = 5.5 MeV is found to be the 
least sensitive to the uncertainties considered, and hence is better 
suited for a study of the deuteron D-state. Improvements in this calculation 
are suggested.
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For man,
unlike any other thing
organic or inorganic in the universe
grows beyond his work,
walks up the stairs of his concepts,
emerges ahead of his accomplishments
John Steinbeck (1939)
CHAPTER 1 
INTRODUCTION
1.1 Prologue
During the last twenty-five years, experimental techniques have been 
developed to provide an extensive study of deuteron stripping and pick-up 
reactions at relatively low energies. The first analyses were confined 
to the use of the plane wave B o m  approximation (P1VBA), but in latter 
years the vast majority of theoretical investigations have employed the 
well known distorted wave Born approximation (DWBA).
The (d,p) stripping reaction has the feature that the proton, 
within the deuteron, plays the role of a spectator allowing the 
deuteron to be ’stripped’; as a consequence of neutron capture by the 
target nucleus. This leaves the proton to continue as the outgoing 
particle. Thus such a reaction can be utilized as a useful probe in 
yielding information on.the structure of the nucleus. The shape of the 
(d,p) differential cross-section, can often be interpreted to give 
information on the orbital angular momentum of the transferred neutron 
leading to a knowledge of the parity change in the reaction and the 
restrictions on the spin of the nuclear final state (Au 70)*. The 
exploitation of such a powerful tool requires a complete theoretical 
understanding of the reaction processes involved. To some extent, the 
greatest advances towards this goal have been achieved over the last 
decade.
For instance, the captured neutron has for a given orbital angular 
momentum■£, two associated values of total angular momentum j = -£±j.
* In this thesis, references are denoted by the first two letters of 
the first author's name, followed by the last two numbers corresponding . 
to the year of publication.
Lee and Schiffer (Le 64; Sc 66) empirically noted slight systematic 
differences between the stripping angular distributions for these values, 
thus enabling the extraction of the possible j-value. Johnson and 
Santos (Jo 67a; Jo 71) have shown that this small angle j-dependence can 
be qualitatively understood in terms of the small D-state component of 
the deuteron internal wave function. A further requisite to-this 
understanding is an improved calculation for the form factor of the 
reaction (Hu 66). This involves calculating the overlap of two nuclear 
wave functions by a detailed and more realistic description of the 
structure of the nuclear states involved.
The relative ease by which the deuteron can be broken up into its 
constituent parts implies, that the formal theory of deuteron stripping 
reactions requires a knowledge of the full three-body wave function 
appearing in the transition amplitude. Johnson and Soper (Jo 70) 
proposed an approximate treatment of the contributions from deuteron 
break-up channels to this amplitude, by considering an adiabatic viewpoint 
where the internal motion of the neutron-proton system is treated as 
slow compared with the motion of its centre of mass. The adiabatic 
model was found to give, in many cases, an improved fit to the stripping 
angular distribution compared to conventional DWBA theory (Ha 71).
Although this model was originally restricted to triplet states of the 
neutron-proton system, Harvey and Johnson (Ha 74) extended the approach 
to include the contributions from the singlet neutron-proton states. 
However, corrections arising from the singlet channel were found, in 
general, to be very small and only important when a detailed fit to 
experiment is attempted.
The recent availability of polarized deuteron beams has greatly 
enhanced the body of acquired experimental data. The most stringent test 
posed, is the application of a reaction theory to the measurement of
polarization analyzing powers. No longer is the main concern of the 
theorist to fit the differential cross-section. Now, emphasis is placed 
on the understanding of how this fit is obtained by studying the various 
contributions from each particular analyzing power. DWBA calculations 
for a (3,p*) reaction, initiated by a polarized deuteron beam, have shown 
that the deuteron D-state has a very small effect on the reaction cross- 
section, but can produce large effects on the polarization observables 
(Br 71; .Kn 73). In fact, as originally predicted by Johnson (Jo 66;
Jo 67), the tensor polarization analyzing powers are completely 
dominated by the deuteron D-state*. Thus measurements of the tensor 
analyzing powers provide the best available experimental observation of 
deuteron D-states effects.
Knutson and Haeberli (Kn 75) have proposed that for a (3,p) reaction 
in the sub-Coulomb energy region, with near zero Q-values, the stripping 
process is relatively insensitive to the optical model parameters and 
many of the uncertainties associated with higher energies disappear; 
thus such an experiment may be used to obtain quantitative information 
about the deuteron D-state wave function. According to the work of 
Johnson and Santos (Jo 71), the amount of D-state effect in a (d,p) 
reaction is determined by the single parameter D^. Knutson and 
Haeberli calculated this parameter from several neutron-proton 
potentials, and found that the slight .variations in the value of D^ were 
sufficient to show up in the corresponding fit to the tensor analyzing 
powers. Their best fit, however, came from a D  ^which was slightly 
smaller to the calculated values. This suggests that experiments of
* Likewise, similar effects have been observed in (5,t) and (d,3He) 
where here, it is the D-state component of the triton and the 3He wave 
function, respectively, which is responsible and not the deuteron 
D-state (Kn 75b; Ro 77a)
this type might yield novel information on the nature of the deuteron.
The general philosophy motivating this thesis is thus based on
answering the query of how suitable are these experiments for extracting
this new information. This is an important issue, since an answer would
not only lay down guidelines for future (d,p) experiments, but would
also be of some practicable help in extracting triton and 3He D2 values
from, respectively, (cl,t) and (cl, He) reactions (Kn 75b; Ro 77a). This - 
thesis therefore considers two effects which could give rise to considerable
uncertainties in the determination of by this method, namely,
i) the singlet deuteron break-up channel,*
and ii) a tensor T force in the deuteron channel.
, K
The singlet channel contributes amplitudes to the .(d,p) transition 
matrix element which, like the T^ tensor force, have a rank-2 
character and are therefore expected to contribute to the tensor 
analyzing powers. Effects due to Coulomb polarizability corrections 
are being studied by Tostevin and Johnson (To 77).
1.2 Plan of Thesis
For reference purposes, an outline of the development of this 
thesis is as follows:
Chapter 1: The preceding section briefly reviewed the historical
development and the resulting philosophical motivation for the work 
described in this thesis. The formal aspects pertaining to a deuteron 
stripping reaction, and the distorted wave B o m  approximation (DWBA) 
are considered in the remaining sections.
Chapter 2: Using a three-body model, an effective one-body Schrodinger
* A preliminary account of this effect has already been presented 
(Wa 77).
equation for the deuteron is derived. This includes coupling to the 
deuteron singlet channel.' All three-body effects are contained 
exactly within the deuteron potential. Approximations are then made 
by a) assuming that the deuteron always propagates in a bound state, 
and b) utilizing an adiabatic type of approach. In a) the exact 
deuteron potential reduces simply to that of the Watanabe. (By 
definition, the singlet channel vanishes in this case.) In the 
adiabatic approach of b) similar formulae are obtained for coupling to 
the singlet channel as in the original work of Harvey and Johnson 
(Ha 74).
Chapter 3: The DWBA S + D-state formalism of Johnson and Santos
(Jo 71) is rederived for the case when tensor potentials (TR, T^, Tp) 
are included in the deuteron channel. Emphasis is placed on the zero- 
range approximation, thus enabling generalizations to the finite range 
treatment to be more apparent. The effect of coupling to the singlet 
channel is then illustrated for the zero-range case. A comparison is 
made on the characteristic nature of the singlet channel together with 
that of a tensor force.
Chapter 4: Numerical results are presented for two sub-Coulomb
deuteron stripping reactions, using the formalism in Chapter 3, by 
including.coupling to the deuteron singlet channel. The presence of 
possible tensor potentials are neglected. General considerations of 
sub-Coulomb stripping reactions are discussed. As a result the 
coupling to the singlet channel was solved exactly using a modified 
Numerov numerical method. This is compared to the approximate method 
used in the original work (Ha 74). The polarization data was chosen 
from the reactions 208Pb(d,P) 209Pb, E^ -• 9,0 MeV and 90Zr (cl,p) 91Zr, 
E^ = 5.5 MeV. These are studied using new information concerning the 
strength of the - 3S coupling from (p,n) experiments.
Chapter 5: The investigation in Chapter 4 ignored the effect of
possible tensor potentials in the deuteron channel. This is now rectified
by considering a T^ tensor potential. In connection with Chapter 2 this
Td term is derived from the reformulated adiabatic model of Johnson and 
R .
Tandy (Jo 74). It transpired that the adiabatic TR was considerably 
smaller in magnitude compared to the T^ generated by the Watanabe model 
(Ke 73). The consequences of this result are considered by performing 
numerical calculations for the reactions studied in Chapter 4, using the 
formalism developed in Chapter 3. Due to computer code limitations these 
calculations were evaluated by neglecting the contribution from the 
singlet channel.
1.3 Formal Theory
According to the Madison Convention (Ba 71) a stripping reaction 
initiated by an incident polarized deuteron beam may be represented as 
A(d,p) B where A and B are, respectively, the target and product nuclei.
In this reaction the neutron in the deuteron is captured by the target 
nucleus, leaving the proton to continue as the outgoing particle (Hu 53). 
This is one of the simplest examples of a direct reaction, since only a 
small number of degrees of freedom are excited.
The coordinate system used in this thesis is illustrated in 
Figure 1.1. The vector R (denoted as r^ in Chapter 3) represents the 
relative coordinate of the centre of mass of the deuteron from the 
nucleus A, and r is the relative position vector between the neutron and 
proton in the deuteron. If rn represents the displacement between the 
nucleus A and the neutron in the deuteron the following relations may be 
obtained
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where %  = M. - A , M and M being, respectively, the masses of the 
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neutron and the target nucleus. The vector extended by the outgoing 
proton to the centre of mass of the product nucleus B is denoted by'r. .
The-initial state wave function for the scattering event can be 
written as
ik . R o A
Xi = e -* - 4.31 ,(r) . ^ ( 0  
1
(1.3)
a
where k 1 is the initial deuteron momentum. The functions <f> 1 (r) and
A T Sl ~\[> (?) represent the deuteron and target nucleus internal wave function,cLCt .s,
? denotes the set of internal coordinates belonging to nucleus A.
In a similar manner the final state wave function can be 
represented as
Xf - e -2 -2 xs2(p) ^  ( C . y ,  (1.4)
2
cr
where k is the momentum of the free proton, and x 2(p) is the internal
~2 So^ B
spin wave function of the proton. The function ^b3^^rn^
represents the residual nucleus internal wave- function 
The total Hamiltonian for the system is given by
H = H. + H, + T + V + V A d i n p
= Hn + T + V + V , Cl. 5)
B 2 P nP
where H^, and are the internal Hamiltonians of A, the deuteron,
A A
and B. T^ and T- • are the kinetic energy operators in the entrance and 
exit channels. ^np is the neutron-proton interaction, and the 
potentials Vn and are, respectively the interactions of the neutron 
and proton'with the.target nucleus. Asymptotically the Schrodinver
equation satisfied by x. and Xf are
(HA + Hd ♦ f )Xi - (E, -Ea -ed)Xi , - (1.6)
and
(HB + TJ xf E^ o 'eB)xf ’ C1*')
where
E. = fi2k? , for 1=1, 2, (1.8)
J f T
and y , y are the reduced masses in the deuteron and proton channels.
1 2
Conservation of energy requires that
E = E2 ~ eA ~ Gd = E2 ~ CB ' (1*9)
where e^, and are the binding energies of nuclei A and B, and the 
deuteron. The Q-value of the (d,p) reaction is defined by
Q = E - E = e - e, , • (1.10)
2 1 n a
where is the separation energy of the neutron.
f+'i
The wave function J which describes the entire scattering 
event satisfies
H i|iW  = E . (1.11)
The superscript (+) conveys the information that the asymptotic 
r+)
behaviour of ij;v m  the proton channel for large r^ is a radially 
outgoing wave. Formally this is given in the asymptotic region by
^ -y <b3s o k M a a  s a k >
r oo 2 2 2 -2 1 1 -1
2 . .
2iTh2
ik r R cr^
x e  2 2 (1-12)
r o
The evaluation of the transition matrix element appearing in eq.(1.12) 
is the objective of approximate stripping theories, since the T matrix 
determines all the observable quantities in the reaction.
For an incident polarized deuteron beam the final state density 
matrix p^ is related to the initial state density matrix by
p£ = T pi r  . (1.13)
The expectation value of any variable is obtained from the density 
matrix by means of the formula
<0> = T (p 0)
T W  * ( 1 * 1 4 }
The proton differential cross-section in a (d,p) stripping reaction is 
then given as
k , C2nK*)* W
The unpolarized differential cross-section becomes
da
dQ unpol. y
- k2 V 2 Tr (T l’b  ,
A i •
with s = (2 s + 1)5 .
1 1
When considering polarized deuteron beams it is convenient to 
employ the irreducible tensor operators (Ro 63)*^ (s) t for arbitrary
spin s with matrix elements in the spin representative given by
<S a ? l*^ tqCs) lsa> = s (-)S_a(s a 1 s-ajkq). (1.17)
These obey the relations
T r T, (s)^1' '(s)l = S2 6,, , 6 ,rL Hcq J kq kk' qq'
and * (1*1S)
r kqcs) = c o ^ c s ) .
as stipula/ted by the Madison Convention (Ba 71). The expectation 
values" of these tensors, defined by eq.(1.14), gives the statistical 
spin tensors t^(s) in the incident and final states, i.e.
t, (s ) e <T, (s)> . ... 1 
k q kqv J initial
1 1
= Tr (p.(Sl) T klq (Sl)), (1.19)
. V P i C s p )
t, (s ) . = <X (s)> n- n
k q v 2 kqv J final 
2 2
= Tr(PfCs ) L k (s )) . (1.20)
__________ J L _2____
T (p (s )) 
r 1 2
The density matrix for the initial state can be expanded in 
terms of the tensors t^ by (La 55)
i'1! t
T P,
s* Pi(s.) = I t (s ) t  . V (1.21)
1 1 1 k -0,1,2 V l  ' 1 V)qx
The differential cross-section for a polarized deuteron beam in a (d,p) 
reaction, eq. (1.15) can then be written as
do- = da_ 
dQ dft
fl + y r, (s ) tJ 1 ’ O ' 22)
, I k =i,2 s V 1 w .unpol. v i 
q 
‘1
where
is the analyzing power of the reaction. .With the choice of a right- 
handed coordinate system in which the positive z-axis is along the beam
The analyzing powers therefore determine the sensitivity of the 
differential cross-section to the polarization of the incident 
deuteron beam. Thus measurements of the analyzing powers facilitates 
a rigorous examination of stripping reaction theories.
1.4 Theoretical Approach (DWBA)
The transition matrix element corresponding to the (d,p) 
reaction can be formally expressed as
direction of the incident deuteron k
1
and the y-axis is along k „k ,
Madison Convention, then
(1.24)
if parity is conserved, so that
T = 0 , T
10
= 1 1 2 = P ^ e  imaginary
and
T = (-)^ T0 = pure real. 
2q v J 2-q 1
Eq.(1.22) is then explicitly given by
do_ = do_
dQ dQ unpol. ^
(1.25)
T = <X£ |Vp + V ^ | * W >  , (1.26)
where is the exact wave function appearing in eq.(l.ll), and may be
expressed in the form
V+) = [1 ■+ G C+)(Vp + Vn)]XjL, (1-27)
f + lwhere G v J is the Green’s function for the complete system corresponding 
to outgoing wave boundary conditions, i.e.
G ^  1
(E + ie - H) (1.28)
The total Hamiltonian of the system H, and the wave function y . and Xj?
i j-
are defined in the preceding section. Eq.(1.26) can be expressed in a 
more convenient form using the Gell-Mann, Goldberger transformation 
(Ge 53) which is essentially the treatment of the two potential 
scattering problem. This gives
T = <4~')|Vnpl',,<:+)> > (1-29)
where
4 " } = Xf + (E - ie - H + Vnp)_1 Vp 4 _) , (1.30)
which describes scattering of a free proton by the residual nuclear 
core. Eq.(1.29) provides the basis for the DWBA description of the 
(d,p) reaction.
If the proton wave function ^ is defined by
. lie J'
A ' 3 = [1 + (E - ie - T - V )_1 V+] e ~2':2 ’ (1.31)
ir 2 2 P }.
which is generated by an arbitrary one-body potential V , then another
exact expression for the T matrix may be written
^ .
In developing the DWBA theory the first step is to neglect the second
term in eq.(1.32). If is suitably chosen then considerable
cancellation between the actual interaction V and the interaction V
P P
can occur. However is a one-body potential, and thus it can never 
cancel completely the effects of the many body potential V , which
P
couples to excited states of the nucleus. The DWBA theory takes 
to be the proton optical model potential describing proton elastic 
scattering from the residual nucleus. Hence,
T - < x «  / | V np|,(+)> . (1.33)
This amplitude has been derived by assuming that all the nucleons are 
indistinguishable. In fact by taking eq.(1.26) and symmetrizing in th 
neutron and proton coordinates it can be shown that (Go 64)
TsyM = (N + 1)* [T - Z Tex] , (1.34)
where N is the number of neutrons in the target and T is given by 
eq.(1.26), and T^x is the ’exchange' scattering amplitude obtained from 
T by interchanging the free proton with one of the Z target protons in 
the final state wave function. This exchange term implies a reaction 
in which the outgoing proton is knocked out of the target. Since this 
is inconsistent with the simple physical picture of a (d,p) stripping 
reaction this term is usually neglected.
To approximate the exact wave function , an expansion in 
terms, of energy eigenstates of the target nucleus Hamiltonian can be
= I (1.35)
n
where n denotes all the quantum numbers needed to specify the states 
of the target nucleus. The term with n=0 corresponds to the ground 
state. If this is assumed to have the largest overlap with the left 
hand side of eq. (1.-33), the contributions from n^O can be neglected 
giving
T = < x ^ ) 'f°(+)> • (1-36)
By carrying out the integration over the internal coordinates of the 
target 5, the stripping matrix then satisfies
T = <X^-) FAB|Vnp|^0C+3> , (1.37)
where
F^B (r ) = Kn' d ? /  (C,r ) /*(?) . (1.38)~ ~n o
is the reaction form factor. Eq.(1.38) contains all the information
on the nuclear structure and the angular momentum selection rules of
AB
the reaction. The asymptotic form of F (rn) is determined by the 
separation energy of the neutron from the state in which it is captured.
In eq. (1.37), ^  (r,R) describes exactly all the reaction
processes in which the target nucleus remains in its ground state.
The conventional DWBA essentially discards the three-body nature at 
this point, by making the approximation:
> ° ^ C r , R )  - <f>d (r) Xd+)(R) (1.39)
(+)
where xd (R) is the deuteron phenomenological optical model wave 
function describing deuteron elastic scattering, and $d (r) is the 
deuteron internal wave function. The following chapter removes the 
need to make this approximation by considering an exact three-body model
CHAPTER 2 
A THEORETICAL MODEL
The loosely bound nature of the deuteron provides a formidable 
problem for a theoretical study, since it requires that any accurate 
treatment of deuteron induced reactions to be in essence a three-body 
calculation. An exact mathematical theory to this problem was 
formulated by Fadeev (Fa 61), but was prohibitively complicated to 
implement numerically. These exact treatments may be used in the 
context of justifying the approximate methods employed to analyse 
three-body reactions.
A formal theory of deuteron stripping reactions requires a 
knowledge of the full three-body wave function, which has incident 
deuterons as a boundary condition, but also contains components 
corresponding to broken up neutron-proton pairs. Johnson and Soper 
(Jo 70) proposed a method of calculating the three-body wave function, 
which included coupling to the broken up neutron-proton states in an 
adiabatic approximation; but, still keeping to a similar mathematical 
form to conventional DWBA theory. Here, Johnson and Soper are saying 
that break-up effects are large, and that the relative energy of the 
broken up particles is small compared to the centre of mass energy.
This treatment yields a simple prescription for generating an 
effective deuteron-nucleus potential defined by the sum of the neutron 
and proton phenomenological optical potentials averaged over the range 
of the neutron-proton force.
From this ideology Johnson and Tandy (Jo 74) paid greater 
attention to the three-body aspects by representing the neutron-proton 
continuum in terms of a complete set of discrete eigenfunctions. A 
key feature of. their approach is that the adiabatic prescription appear 
as the solution of lowest order. Corrections to the adiabatic theory
by calculating the higher order terms are currently in progress (So 77).
In developing these three-body models the neutron-proton.states 
are usually restricted to triplet states of total spin angular momentum. 
If the spin dependent potentials acting on the neutron and proton are 
not equal, then there will be transitions to broken up neutron-proton 
states having zero total angular momentum (Ha 74). The work described 
in this chapter includes coupling to the singlet channel within'.an exact 
three-body model, and then introduces approximations to reduce a 
calculation into a solvable form.
2.1 The Three-Body Model
To develop an approximate three-body theory the exact (d,p) 
stripping amplitude must first be written down. From Chapter 1 this is 
given by
potential V (r ) and describes proton-core elastic scattering with
Lastly the incident deuteron beam of kinetic energy
E^ = and internal binding energy + e^, with a total energy
4m
E = E^ - e^, is responsible for initiating the exact three-body wave
(2.1)
(2.2)
where is the neutron-core bound state.wave function with a binding 
energy of -£n > and  ^ is the proton distorted wave generated by a
P ~P
incoming boundary conditions at the proton energy E - c.
f + 1function \ . This wave function is given as a solution of
(2.3)
where
KR = - n i v 2  , Kr = -niv2 ,
4m m
and H = K +V (r), * (2.4)
np .r np
with r = r -r and R = (r +r )/2. (2.5)
~p ~n „ ~p ~ir v ■
Here, the coordinates r, R (as in Figure 1.1) are respectively the 
relative and centre of mass coordinates of the neutron and proton.
The origin for these coordinates, together with rfl and r^, has been taken
at the centre of mass of the target nucleus which is assumed to be 
infinitely heavy. To avoid confusion with later work the kinetic 
energy operators are denoted by and (instead of the usual
T^ and T p . V is the neutron-proton interaction potential, and Vn ,
Vp are the nucleon-core potentials assumed to be local in nature. The 
term on the right hand side of eq.(2.3) specifies the incident boundary 
condition of a deuteron whose internal wave function is <{>^; and that
the physical total wave function is to be calculated in the limit e->0+.
A basic assumption in this approach is that explicit contributions 
from Coulomb break-up components to the product in eq.(2.3) can
be neglected because of their small nature (Cl 65). Clement (Cl 62;
Cl 65) has shown that the dominant effect of Coulomb break-up is to 
introduce relative p-waves in the neutron-proton system. The deuteron 
therefore acatuires an additional non-spherical component, because the
r
deuteron chajfge resides on the proton. These Coulomb stretching effects 
are being analysed in a quantitative.manner by Tostevin and Johnson (To 77) 
where they properly account for the weak nature of V in p-states by
using a Mongan form for .V (Mo 68; Mo 69).
r+)
In order to consider the details of the exact wave function \jjK J, 
the integral equation equivalent to eq.(2.3) may be written in the 
form (Ro 67)
where
and
l*W > » U dH Kd>+ Gnp(E+)VNl'l'(+)> > C2’6)
G (E+) = (E+ie-KD-H ) 1 • ' (2.7)npv J K R np' v J
VXT = V (r )+V (r ). (2.8)
N n^.jr p ~p
It should be noted that eq.(2.6) has a unique solution provided e^O'in 
eq. (2. 7) .
f +)The break up components of \l> may be seen explicitly by 
introducing the spectral representation of the three-body Green’s 
function G in terms of the complete orthonormal set of eigenstates 
(Ro 67) of the neutron-proton Hamiltonian H ,
i.e. G (E+) = U d><*d | + U|<|,C^ >«(.(^ |  , (2.9)
E+ie+e^-K^ E+ie-e^-K^
where = (h2/m)k2 and the eigenstates are defined by
H 1 <j> ,> = -e,U,> , H = e. . (2.10)
np1 a d |Yd 5 n p ,Y k k |Y k v J .
Substituting eq.(2.9) into eq.(2.6) gives the following formal 
representation for the three-body wave function,
V +3> = M x Cd}> + f ? l * (k }> lx (kD> • (2 - n )J ** f
rwhere x ^ 00 is the elastic deuteron centre of mass scattering wave 
function defined as
[ X ^ x  |K > 1 <»d l v J » C,° >  , (2.12)
V ie~KR
( + )and x V ( R )  represents the continuum components of a neutron-protonK ^
pair scattering with relative energy given by
l x C: } > = 1 -'♦(? | V Nl * (+ )>. • (2.13)
- E+i£- V KR
From eq.(2.11) it can be observed that the exact wave function
f+1
J has outgoing waves corresponding to elastic deuterons given by the
first term, pius the second term containing implicit information about
the stripping mechanism (i.e. break-up). Johnson and Tandy (Jo 74)
stated that the conventional DWRA ignores break-up effects in the sense
fthat the second term of eq.(2.11) is neglected, and x ^ 00 is 
approximated by using a suitable optical potential which is then 
substituted into the transition amplitude eq.(2.2). The result of 
neglecting this ’break-up1 term can be quite dramatic, as shown by 
Wales and Johnson (Wa 76) for pick-up reactions on 12C(p,d)13C at 65 MeV.
Figure 2.1 reproduced from this paper compares the excellent fit to data
obtained from the reformulated adiabatic theory (Jo 74) to that of 
conventional DWBA.
To proceed further the second basic assumption must be made by 
saying that the stripping transition matrix can be accurately obtained 
by only using the low energy properties of V , i.e. a V which predict 
low energy neutron-proton properties of V but may give high energy 
neutron-proton scattering inaccurately. Introducing the Yamaguchi 
separable form for V (Ya 54), i.e.
<rfIvnp Ir> = -<r'|F><F|r> , (2.14)
a rank-one non-local interaction. Yamaguchi showed that the form 
eq.(2.14) could be fitted to low energy neutron-proton data (i.e. 
scattering length and effective range). Hie evaluation of T^ require
Vn p k (+)>*=-|F><F^ C+)> • (2.15)
In the following sections, attention will be restricted to the 
3S (triplet) and *S (singlet) states of the neutron-proton system.
Since the zero-range approximation (Au 70) has proved to be quite
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successful in stripping calculations this is expected to be a
reasonable.first approximation. Rawitscher (Ra 74) has shown that
• (+")
other spin triplet states only contribute to the product Vnp|v > 
through second and higher order terms. The .contributions from the 
*S state arise from an iso-vector spin-dependent in the nucleon-target 
interation (Ha 74).
2.2 An Effective One-Body Schrodinger Equation
f+)Specifying the spin-dependence in \p ^(r,R) eq. (2.3) now reads
r+1 • h a
[E+ie-KR- H - V N] ^  (r,R) = i e ^ C p e  ' "!( ‘(p.n), . (2.16)
]
- i ..
where <^(*0 i-s 'the deuteron bound state wave function assumed to be a 
pure 3S state. The spin function is defined as 
a o a
X-Hp^n) = I Q o  {a |s a )xi2(p)x. 3(n), (2.17)
i a a 2 3 1 1 5  5
2 3
Cf a
with Xj.2(p) and Xi3(n) being spinors respectively describing the state 
2 2
of the proton and neutron.
If the spin projection operators Pg for the neutron-proton
1
system are defined, such that PQ is an operator projecting out the spin- 
zero (singlet) wave functions (Ro 67)
P := x = i - a .a , (2.18)
o AoAo ^n „p v J
and P is an operator projecting out spin-one (triplet) wave functions
fa a
P = I x 1X 1 = 3 + a . a  , (2.19)
1 g  1 1 ~n ~P -
1 ‘ 4
with
[Ps ’Hnpl = 0 • V Pl = 1 t2-2°)
It will be assumed that V is spin dependent and conserves orbital 
angular momentum. This is consistent with the assumption that the
deuteron is in a pure 3S state. Corresponding to eq. (2.14), the
neutron-proton interaction Vn may then be expressed in the following 
manner
si
V = I V P , (2.21)
np J np sj
where and V* are the corresponding neutron-proton potentials for 
the singlet and triplet spin--states, defined by 
s
V = - I f ><F I . (2 .2 2 )
np 1 s j . s 1 v .
The singlet and triplet wave functions x °(R) and x can be
°1 ~ ai ~
defined, as in the approximate three-body theory of Johnson and Tandy 
(Jo 74) such that
X p (R )  = fdr V „ l ( r ) P c J + ) (r ,R )  . (2 .23)np SjTa
si
dr’V (rf )4>j(r* )
y}o (R) is the function focused upon in the Johnson and Soper (Jo 70)
1  ~
treatment. This definition compares to that of the spectator wave
function studied by Bouldin and Levin (Bo 72). However, it must be
s .
noted that the calculation of x ^R).still remains a three-body problem,
ai ~
By writing eq. (2.23) in vector form 
s ■ . .
<R|xa1> = <R|<F |P k y J> , (2.24)
~ 1 - ' 1 1  1
<!; i ^ >- 
S 1 '
enables eq. (2.15) to be expressed as
By considering the integral equation equivalent to eq. (2.16), analogous
to eq. (2 .6 ), and using eq. (2.24); equations for x° and y 1 may be
ai ai
obtained, namely,
|x° > = <F IP G (E+)V..Ut+V  (2.26a)
|Aa o' o npv J N |ra v J
1 l '
<Fo |Yd
and
a ( .
+ <h |PlQnp(B)VN lV (2.26b)
<i;a! V
where the boundary condition of an incident plane wave of triplet 
deuterons defines the following asymptotic forms
|x0 >  ^ X (outgoing waves) (2.27a)
a i R co 0
and
X > ^ x I V  + (outgoing waves). (2.27b)
Eq. (2.26) can then be reduced exactly to an effective one-body
• r+i
Schrodinger Equation by expressing JiJ)v - > on the right hand side m
i-Si °nterms of x >• 
o
1
Defining the Green’s function G^ T in an analogous fashion to 
GnpJ eq* gives
Gn (H+) = CE+ie-KR-Kr-VN)-p ( 2 2 8 3
Since a deuteron stripping reaction is a rearrangement collision,
i (+)jijr J> in eq. (2.6), may be expressed in the form (Ro 67)
1
assuming e ->■ 0. Using eq. (2.25) finally gives
h a +)> = - GN(E+)E l ps > IX”1><FS I V  • ' . (2 .30 )
1 S 1 1 1 1
Thus e q . (2 .26) may be re -w r i t te n  in  the form
|x° > = -< f I p g (e+) vttgm (e+) If > | x°  >1 Acr c' o n p  . N N  1 o 1 a
1 1
-< f |p g (e* ) v .tg. . ( e+) | f ><f U j > | x 1 > ,o ' o n p ^  N In 1 i  i 1 d IAa  ^ *
<Fo ^ d > (2 .31a)
and
cr
V
X 1 > = X 1 K,> - <F P G (E )VxtGxt(E ) F > x 1 >
,Aa L d  l l nP N N \  j iAa^
-<f |p g (e +)v v gxt(e +) If ><f Ix° >p  j np ; N K v o o 1 Ta 1 /va
<F |<f>d> (2.31b)
s
In order to obtain a coupled Schrodinger Equation for |xcf1> a propagator
1
for the centre of mass motion of the deuteron, respectively, in the
singlet and triplet channels must be extracted from the right hand
side of eq. (2.31).
Consider the triplet channel, eq. (2.31b):
By using a separable representation for V this step can be
done exactly since G is known in a closed form. The free-particle
Green’s function is related to the Green’s function G for a particlenp
moving is a potential V (Ro 67) by
G (E+) = Gr (E+) + G~ (E+)V G (E+) , (2.32)np_ J freev J free^ J np npv J J
where
) '
Gfree(E+) = ( E - i c - W ' 1 . (2.33)
So, using eq. (2.21) G becomes
i.e.
V E+) = G£WeCB+3-Gfree-CE+)l |FsT <Fs, lPSlV E+> ^
<f Ip g (e +) = <f Ip g „ ^ ( e+)
1 1 n P 1 1 ^ r e e  '
l ^ l G f r e e ^ l V
-<F |G» (E+)If ><F Ig (E+)P P (2.35)
- 1 1 freev J 1 o \ 1 np V J o i v
|+<f Ig . (E+)|f >
1 i1 free i
From eq. (2.20), together with the knowledge of the idempotent property 
of projection operators (i.e. P^ = Pg ); the second term in eq. (2.35) 
is found to be identically zero.
The condition that the potential supports a bound state at an 
energy may now be imposed. Defining
g(e+) = ( e + i e - y 1 , (2.36)
in the space of the neutron-proton relative motion gives the equation 
for the triplet state of the deuteron to be
; |^> = g(e*)Vip \*> ,
= -g(ep |Fi><F_ |<}. > . (2.37)
This implies that .
= -1 , (2.38)
and <(f> |(J) > =1. (2.39)
Eqs. (2.33) and (2.36) give .
G f r e e ^ h  = gCE+iE-Kp -  C2 -4®
This shows that the denominator in eq. (2.35) is an operator in the
space of the centre of mass motion of the deuteron (or more correctly:
for the centre of mass motion of the neutron-proton system, since
break-up is allowed and the coupling to:the singlet channel has been 
included). The next step will be to extract*that part which describes 
the propagation of the neutron-proton system in the triplet state. A
resolvent relation, of the first type, for g (Ro 67) is
g ( z ) = g(z ) + (z -z )g(z )g(z ) . (2.41)
1 2 2 1 1 2
Replacing z^ by and using eqs. (2.37) and (2.38) gives
| + <Fjg(Zi) IF^ = (Zi-ei)<Fjg(zi) .
<F |< > (2.42)
On a final note, if z = E+ie-K , bearing in mind eq. (2.40);
1 k
eq.(2.35) may be re-expressed as
<F |P G (E+) = 1 <F U  ><F |P G£ (E+)
1 1  nP _ _______ - i|Vi i i free1-
E+i£'£f KR <Fi|Gfree(E+)i<f>i> (2.43)
The interpretation of this result is important as it is. the basis of 
the whole method. The first factor may be recognised to be the 
propagator for the triplet state of the neutron-proton system, whereas 
the second factor can then be interpreted as the propagation of the 
neutron-proton system in continuum states.
For the singlet channel, eq. (2.31a), the potential does 
not, of course, support a bound state. However, if it is considered 
that the strength of V° is altered in such a way that it does support 
a bound state at an energy cq,
vtfhere A represents the strength; then the preceding analysis may be 
used to give
<FolPoVE+) = <FolPo(W E+) ' C2 453
I + < f 1 |gj? (e+) \ f 1>' o' free'- J 1 o
leading to
<F1 1P G (E+) = 1 <F11 x F 1 1P G _ (E+)o1 o np- ._____________ o 1 o o 1 o freev J
E+ie-e -Kn <F1 |G- (E*)U > (2.46)o R o' free^ J 1Yo v '
as eq.(2.43). ’Readjusting the strength of finally gives
<F |P G (E+) = 1 <F U  ><F |P G. (E+)
o' o np 1 o' o o' o free^ • . 4 7 }
t^ +.E+ie-e -Kn <F IG- (E ) 14> > o R o 1 freev J 1Yo
Utilising eqs\ (2.43) and (2.47) reveals the final form of 
eq.(2.31) to be
|x° > = 1 V (E+)|x° >
1 Aa 0 0 1 a
1 —     1
E+ie-e -Kn o R
VplCE ) < F l k d> l x * >. (2.48a)
E+ie-e -Kn <F U,>o R o ,Yd
and
= xa1|5d> + — i —  YiiCE'5
0 + .
E+ie-e -Kn
. 1 R
1 Vn (E+) <F |*.> Ix°> .
10 — 2— <L ° 1 (2.48b)
E+ie-e -Kn <F !*,>
1 R 1 1rd
— +
where V(E' ) is the effective deuteron potential. By comparison with 
eq. (2.31) this is given as . ..;vxxx.
where the subscripts i, j - 0 , 1 .
Eq.. (2;48) may be re-expressed in the manner used by Harvey and 
Johnson (Ha 74) to yield
and
a iK, .R
i ■ ~
(2.50b)
where V (R) and V- "(R) are immediately recognised to be the coupling 
lo ~ ol -
potentials between the triplet and singlet states.
It should be emphasized at this point that eqa. (2.48), (2.49)
and (2.50) are exact, and all deuteron break-up effects have been
collected into V.
Before embarking on approximations to eq. (2.49) it must be
noted that this particular model was derived by treating the target as
an inert core and the residual nucleus as a neutron-core bound state.
It is therefore reasonable at this stage to question the relevance of
such a model when applied to a realistic situation.
Junkin and Villars (Ju 67; Ju 69) have shorn that in the limit
of weak coupling to excited states of the target the three-body wave 
(+)function v (r,R) can be taken to be the projection of the full 
many-body wave function on to the ground state of the target. If this 
is the case then the stripping amplitude eq.(2 .2) is exact providing 
the following interpretations are used: .
XW  to be the proton-target elastic wave function generated by a 
suitable optical potential, and ■$ to be the overlap function between 
the target and residual nucleus, i.e. the form factor for the reaction 
(Ph 6 8 ; and references therein).
f+T'The wave function ip (r,R) is then calculated from eq.(2.16) with
G ~
1
V^ replaced by an energy dependent non-local interation Veff(n >P)•
It may be assumed that the effective interaction ^effCn /P) has the form 
(Jo 70)
veffCn ,P) = Vn (R-ir) + Vp (R+Jr) + VJR) , (2.51)
where and Vp are local nucleon phenomenological optical potentials 
evaluated at half the incident deuteron energy. The Coulomb potential 
V (R) is assumed to act only on the centre of mass of the deuteron.
0 «W
It is clear that this interaction only produces break-up ..in the nuclear 
field of the target. To express the effective interaction in the manner 
displayed by eq.(2.51) is an approximation. The nucleon optical 
potential is an effective interaction generated by reducing the many-body 
nucleon-nucleus system to that of a two-body model. However, in a 
three-body situation the effective interaction for a nucleon cannot 
simply be the nucleon optical potential, since both nucleons excite 
the same internal coordinates in the target nucleus, causing complications 
to eq. (2:51). ' These additional aspects have been studied by Austern 
and Richards (Au 6 8 ) and also by Mukherjee (Mu 6 8 ). In fact Mukherjee 
has shorn that a reasonable description of the real and imaginary parts 
of the deuteron optical potential is obtained when only a few correction 
terms are taken into account.
2.3 Illustrative Approximations
In order to reduce eq. (2.49) .'into a solvable form for 
calculational purposes, requires the need to invoke' some 
approximations based on the physics contained within the problem. 
These approximations will help to interpret the eigenvalues and eQ , 
Using eqs.(2.30) and (2.49) it will prove beneficial to write
V x > + V <F U,> x > ooiAa oi i1 Yd iAa,
1 75-r-—
<Fo ' V
= <F I* ><F |P G- (E+)V„|i[f >o 1 Yo o' o freev ' N 1 a ’
1
and
<FoI^d><FoIGfree^ ^I^o> (2.52a)
V [y1 > + V' <F Ix° >
1 1 ' ex, io o |Yd |Aa 
1   1
<F U  ><F |P G, 0 CH+>V..U^+^> 
1 1Yi i1 i freev J N 1 ■ a
<F U  ,><F |G- (E+) U  >
1 1Yd i 1 free v J 1 *j
For convenience, defining
<XSV )1 = <Fs |+s > <F |G£reeCE+)
1 1 1
(2.52b)
<Fs I V  <FS l < W E >l*s > (2‘533
1 1 1
enables eq.(2.52) to be expressed as
<F <{> > 
o ! Yd
= <R]<X° CE+3 1P0VN [ , . (2•54a)
1
and similarly,
<R|V (E+) | x l  > + <F0 U d> <R|V, (E+) lx° > 
1    ^ 1
.>
= <R|<X1 (E+)|P VN | ^ +:)> (2.S4b)
1 1
Eq.(2.53) gives, exactly,
s
<R|<X *(E+) |r> |R1 >
= <R| <F U  > <F |(E+ie-K -Ki) " 1 |r>Ir* 
^ ' s 1 Ys s '  r R ‘
1 1  1
<F U,> <F I (E*ic-K -KD ,)*"1 U  > roccns 1 ‘d s ' -  r R ' 1 s (2.55)
1 1 1
2.3.1 The Watanabe Approximation
The operator E+ie-K ’ in eq.(2.55) represents the energyK
available to the relative neutron-proton system in the intermediate 
states, and will take on all values [-°°,E] when the integrations are 
carried out. If it is assumed that the neutron-proton system always 
propagates as a bound deuteron with internal energy i-n
intermediate states, then this is equivalent to the replacement in 
eq.(2.55) of
(E+ie-K^1) by -e^ . (2.56)
Also the projection operator P , projecting out the singlet state of 
the neutron-proton system (i.e. the state corresponding to an unbound 
deuteron) must therefore be zero. Hence from eq.(2..20) the triplet 
state projection operator Pj is equal to unity, and we may then identify
The resulting formula for Vn , given by eq.(2.60) is the familiar 
Watanabe potential (Wa 58), which of course neglects break-up effects, 
and is generated by averaging the sum of the nucleon optical potentials 
over the deuteron internal wave function.
The properties of this potential have been considered many 
times, e.q. (BI 65; Ro 65; Ba 67; Co 67). A comparison with data 
was considered by Pergy and Satchler (Pe 67) who phenomenologically 
applied this potential with a view to estimating the magnitude of the 
higher order corrections. Effects due to the inclusion of spin-orbit 
nucleon potentials, the deuteron D-state, and tensor forces have been 
examined by Raynal and others (Ra 64; Te 6 6 ; Ly 6 8 ; Ra 69) and
j4*i-> with|<f>£> and e with -e^. With.this in mind, eq.(2.37) shows 
that eq.(2.55) now becomes
<R| X (E+) |r> |R' > <4>d |r><R | Rf > . (2.57)
— +  '
Thus from the definition of V(E‘), eq.(2.49); eq.(2.54) reduces simply to
(2.58)
In order to deal only with the wave function jx1 >an adiabatic type of
a l
approach must be used by saying that, within the range of
(2.59)
This gives
(2.60)
more recently by Keaton and Armstrong (Ke 73).
However, it must be noted that the step in taking eq.(2.58) to
(2.60) is clearly inconsistent with the region of validity for the 
approximation eq.(2.59) since, the required range of |r| in eq.(2.58) 
is governed by the range of <j>^ not V . So this approximation is only 
valid for R -»■ 00.
The basic problem being encountered is that any approximation 
to eq.(2.54) inevitably involves two steps:
Si +' ii) to approximate <X 1 (E ) |,
and ii) to approximate
ai
Therefore any approximation made must be consistent between the two.
The next sub-section considers an approximation which is similar to 
the adiabatic approximation of Johnson and Soper (Jo 70).
2.3.2 The Adiabatic Approximation
The aim here"is to represent the problem by an equation which 
is similar in form to eq.(2.50).
Harvey and Johnson (Ha 71) have shorn that while there are 
small differences in depths between the adiabatic potential and the 
optical potential, the main difference lies in their geometries, and 
it is these latter differences which are more significant for stripping 
calculations. Thus for values of |r | inside the nucleus, the triplet
channel potential (R) can be expected to have the rough behaviour
V U C!P “ Vp C?} + Vn C!P = VN ™  * (2'61)
This implies that eq. (2.50b) now looks like
<i;j k d> (2.62)
Consider the case when eq.(2.55) is used in eq.(2.54b) and [R 1 |
is taken to be inside the nucleus such that VRT in eq. (2.54b) is roughly
(+'} (+) 
constant. Then KR« acts upon ijr \ Assuming that ^  is required
under the condition of eq.(2.59), eq.(2.62) may be used to estimate the
local centre of mass kinetic energy K ,, providing that in this estimation
the contribution from coupling to the singlet channel is ignored. Hence in
eq.(2.55) a local kinetic energy approximation can be made
(E+ie-KRf) e1 + VN (R) . (2.63)
Eq. (2.55) then becomes
<R|X1 (E+) Jr>|R’ > = <F |4> x F j k e  +Vf!(R)-Kr)"1 |r> <R|R'> .
cF |4, ><p !(e +v > (2.64)
1 U  1 J X  ]
Proceeding along similar lines for the singlet channel, by considering 
eq.(2.54a) and using the approximation that within the range of (Ha 74)
P - |cj) ><F 1^ > | x° > »
o 1 a n o o |Yd 1 a
1   1
<Fo ' V  (2.65)
gives in comparison to eq.(2.64)
<R|<X°(E+)|r>|R’> = <Fo ^ o><Fo |(eo+VN (R)-Kr)'1 |r><R|R,> .
<F U,><F |(e +Vm (R)-K 'o ,Yd o lv o r ,Yo (2 .6 6 )
Since V 7^(P) is attractive: Re{V^(R)} = - |Re{V^(R)}j, and by defining,
ignoring the imaginary part of V^R),
-es (R) = es + Re{VN (R)}’ C2'67)
1 1
gives
s *
<R|<X *(E )|j>|Rt> - <Fs \<b >'$* (r,R)6(R-R’) .
1 "l 1
<F U,> (2.69)
s 1 d
Thus under’this approximation eq.(2.54) now reads
V (E )x (R) + <F U  ,> V - (R)x1 (R) oo v J Ao  „  i d o l v. / Aa ~
1 ; 1
<F U.> 
o 1 d
<F0h 0> Jdr « ; ( r ,R )P o tVn (R -ir )+V p (R + {r)]  i ^ C r . R )  ,
<F |<f>_> (2.70a)
o' d
and
V (R)x* (R) + O-’J V  V (R)x° (R)
11  ^ 1   1 ~ 1 ~
<Fi l V
* <F 1$ > [dr $*(r,R)P [V (R-|r)+V (R+ir) ] ^  (r,R) . 
1 1  J~ 1 ~ ~ 1 P- ~ ~ P ~ ~ O
<F |*d> (2.70b)
Returning to eq.(2.59) when <|>^ (r) was identified as the
deuteron bound state wave function <i>^ (r), it was pointed out by Karvey
and Johnson (Ha 74) that this assumes the dominant components of 
(+)P ipg '(r,R) to have a correspondence with the relative S-wave 
1 l
eigenstates of the neutron-proton Hamiltonian H ^  whose energies are 
small compared to the depth of V . Thus'for- jrj within the range
- T i p  M
f+*) ■
Vnj> noting that ^(t) is the dominant component of (r, R), the 
np ~ cr1
shape of all the important neutron-proton eigenstates will be similar 
and should be a good approximation to cj> (r). To ensure that
Cl -s, 1 —
the asymptotic, form of the dominant elastic scattering component of
P ip v (r,R) has the correct momentum, c may be chosen to be equal to 
1 1 1
-e^. Similarly in eq.(2.65) an analogous approximation is made for
the singlet channel, where <J>0 (t) is a low energy singlet eigenstate of
the Hamiltonian H -with'energy The interpretation for this
being that the dominant part of the singlet break-up state is the 
•fresonant1 state (Ko 69) and choosing eQ to be the ’resonant’ energy 
gives the correct asymptotic momentum for this component of the singlet 
wave function.
By utilising these approximations and using eq.(2.20) eq.(2.50) 
may be re-expressed in the form
< V Ed - v KR - V 1P ^ °  W  ■ W .
1 1 (2.71a)
-l /*r»\ _ r -^r ,^-o
(Ed-KR-v u (R))x^(R) = a
a* j
v, (R)x„ (R) , (2.71b)
lo ~ a .
where
<r |.V. . = <R|<$. [P.-V„ P. U.> (2.72)
~ 1 lj ^ 1 l 1 i N J 1 j . J
i,j = 0 , 1 and <|> = <f>^.
It should be noted that in order to see the striking resemblance 
in eq.(2.71) with the work of Harvey and Johnson (Ha 74), it has been 
assumed that the range of V is the same in both the singlet and 
triplet channels. Also the coupling potentials in eq.(2.50) have 
been re-defined such that
and
<F0 i v (R}lo ~
■when
and
0 1 ‘d
<F U j>
1 d
E. = E+£, 
d d
V, (R) , 
lo -
a = <F U,> a' = <F I (|) >
^ A s ■ o ' o
<F If : 
1 1 o
(2.74)
(2.75)
(2.76)
In r-space the overlap, from eq.(2.68),
<$s |4S > = <F= |(-es (R)-Kr)-l|^s > = 1  ,
1 1 ~1 1 1
<FS I c-es o o - y -  M * s > 
1 1 1
(2.77)
is true for all R, and therefore determines the R-dependent normalization
of §s (r,R).
1
Yamaguchi (Ya 54) uses a force of the form
<r|F> = Xe"3r, (2.78)
where 3 is the range of the interaction V . With this form the
np
deuteron wave function, which for arbitrary |F> is given by
(2.79)
‘d V |Td 1 1 d
is just the Hulthen wave function (Hu 57). If the effect of S-wave 
nuclear break-up (Jo 70) is only considered, then for the triplet 
channel
(2.80)
where = hy2, and is the normalization factor. Eq.(2.68) implies 
m
that $ (r,R) has a shape in r-space like a ’deuteron’ whose binding 
energy is now e (R). This analogy can be pursued further by defining
e (R) «= fi2C2, (2.81)
m
where C is a function of R. From eqs.(2.77) and (2.80) an expression
for $ (r,R) may be obtained,
1
i.e. $ (r,R) = N(R) (e~Cr-e~Br) . (2.82)
r
If those values of R lying within the nuclear interior are considered, 
then from eq. (2.67) it is observed that C » y  giving $ (r,R)'"a 
characteristic range in r-space of V ^ ,
i.e. <r|$ > <r|F >
~ 1 small R ~ 1
<A IF > (2.83)
Similarly in the singlet channel it may be said that $Q (r,R) has a 
shape in r-space like a 'neutron-proton resonance’ whose resonant energy 
is now eQ (R). Likewise for small values of-'R,. (r,R)'has a
characteristic range in r-space of
i.e. <r I $ > <r IF >~ 1 o ~ 1 o
« f , s |Fq> ■ (2.84)
1
In this limit, the folding integral given by eq.(2.72) now looks roughly 
like
<r | v.. = <r |<f . Ip . v kt p . U.> ,
.J 13 ■«.1 1 1 1 N j |Y3 *
<Fi k'j> (2.85)
for values of R inside the nuclear interior. Observation of eq.(2.85)
shows that has a remarkable resemblance to the prescription for 
generating the adiabatic potential (Jo 70), and agrees formally with 
the work of Harvey and Johnson (Ha 74).
Thus an adiabatic type of approach has achieved the aim of using 
consistent-approximations throughout to obtain eq.(2.85). A criticism 
could be pointed to the fact that all the essential approximations to 
eq.(2.54) are made roughly at the same time causing any particular 
physical insight into the theoretical method and structure to be lost 
through unclear implications arising from the nature of the 
approximations.
This completes the formal discussion of three-body effects in 
a deuteron stripping reaction. Harvey (Ha 70) has shown that the 
effect of coupling to the singlet channel introduces amplitudes to the 
stripping matrix which are rank two in character. The following 
chapter therefore reconsiders the S- and D-state finite range formalism 
for a (d,p) reaction when including such tensorial forces in the 
deuteron channel. Numerical calculations for coupling to the singlet 
channel in a sub-Coulomb reaction are then presented in Ghapter 4.
• CHAPTER 3 
THE TRANSITION AMPLITUDE
In the DWBA treatment of stripping reactions, it has been the 
past practice for the scattering wave functions describing the relative 
motion in the entrance and exit channels to be generated by an optical 
potential which is expected to reproduce the observed elastic scattering 
in that channel. However, as described in the last chapter, it is 
possible to approximately treat the three-body nature inherent in the 
deuteron channel, to yield a similar mathematical form to conventional 
DWBA theory. This refinement involves replacing the deuteron optical 
potential by another calculated via a prescription formed by an 
approximate three-body model.
It was shown by Satchler (Sa 60} that the deuteron optical 
potential has additional terms to the usual'central and spin-orbit 
parts. By coupling the spin of the deuteron with the target nucleus 
he was able to show that these terms are scalar products of second 
rank tensors constructed from the vectors r, P, L and S. If the 
deuteron D-state is included in the Watanabe model (Sa 60; Ra 64;
Ke 73), then such an additional term is generated, usually denoted as 
T^, In order to maintain parity conservation and the requirement of 
reciprocity, three types of tensor potentials exist having the form,
tr “ - l VRW  * .(3.0
t l = (3-2;i
a second-order spin-orbit interaction, and
TP = [(s.0 2— |p2 ]VpCr)
+ Vp (r)[(S.P)2 -|pz], (3.3J
which can be derived via means of the Pauli Exclusion Principle (lo 76), 
The conservation of parity permits a coupling between partial waves 
differing by two units of orbital angular momentum. Thus for the 
deuteron, the orbital angular momentum is no longer a good quantum 
number. This leads to a modification of the usual zero-range and 
finite-range distorted wave formalism (De 69; De 70). To investigate 
the effects of possible tensor potentials in the deuteron channel for 
a sub-Coulomb stripping reaction, therefore requires a rederivation of 
the formalism successfully employed by Johnson and Santos (Jo 71) when 
including the contributions of the deuteron D-state.
3.1 The Deuteron and Proton Distorted Wave
For a (d,p) reaction the Schrodinger Equations satisfied by the
distorted waves »V, n) for the deuteron, and (k >p) for
1 1 ~1 2 2 ~2 
the outgoing proton are,
[H d) + T, + V (r ) - E + e ] (k ,P, n) = 0, (3.4)
P 1 1 1 ~1
and
[T t VfCr ) - E ] (k ,p) = 0 (3.5)
2 2
A A
where is the internal binding energy of the deuteron, T^ and T2 are 
the kinetic energy operators for the centre of mass motion in the 
deuteron and proton channels, and are potentials with the 
following forms
v (r ) = VC(r ) + VS0(r ) I, .S + T„ + T. + Tn (3.6)
1 1 1  1 - 1 - 1  K E P
and V (r ) = Vc(r ) + VS0(r ) L . S . (3.7)
2 2 2 2 -2 -2
is the deuteron internal Hamiltonian, and r ,  r are, respectively
the position coordinates of the deuteron relative to the target and 
the proton relative to the residual nucleus. In equations (3.4) and 
(3 .5 ) the magnitude and component along a certain axis of the total 
angular momentum J = £+s are constants of motion. In general
^  (k ,p,n) = £ (k,r )cf>^(r) (3.8)
and
xs o u cr1 's
1 1  a » 1 1  1 
1
(k ,p) = I x'j,(k , 0  X°2Cp) (3.9)
2 2 a i 2 2 2
; . 2
« a 1
O  2.
where <f>sl is the deuteron internal wave function and xs^ is the proton 
spin wave function. The subscripts cr^  and'a ■ on the distorted waves 
describe their asymptotic behaviour outside the range of the nuclear 
potentials.
Consider first the deuteron distorted wave:
Representing the orbital angular momentum for the relative
motion between the deuteron and the target nucleus by and the total
angular momentum by J = £ + s'-,-the expansion of the distorted wave
1 -1 - 1
(+)Xj’^ t(k.^r ) in a representation where the z-axis is chosen to be along
■ . 1 1  ~ 1 ~ 1 - 
the incident direction is
X (+)t (k ,r ) = 4ir T ( U . s o  |j M )(!' X',s 0 f| j M )
Ao o -—  j z v  i i* i i 1 i i ^  i i i i i r
k 1r 1 i i  i
M A X 1 '
1 1 1
i i i i i
Here and A-' are the incoming and outgoing orbital angular momentum.
Using the notation of Robson (Ro 74), it is found from eq.(3.4) that
the radial wave functions Xj ^ ^  satisfy the coupled differential equation*
1 1 1
* The coupling term is given incorrectly in (Ro 74) for the case when 
including a Tp term.
CM
 
» 
'
d 2 + 2 . d  - Z' ( £ f + l ) '  
—  _  1 1 - V  j
1 1
2y
l
dr2
1
r dr ? 
1 l ' 1
xj z v  ,r 
1 1 1  1 1
Vt + 6 ■vt
V  V I " 1 j-
xj 1 1 "  
1 1 1
for Ji = Z -1, Z and Z +1. When J = Z and Ji = 0 with Z = 1,
1 1 1 1 1 1
eq.(3.11) reduces to a single equation. The subscript Z” is given by 
2J^-Z* (i.e. for a given value of J the coupling is between partial
waves differing by two units of orbital angular momentum). The 
coupling scheme is shown diagrammatically in Figure 3.1.
The potential terms in eq.(3.11) are
V£J(r) = Vc(r) ♦ VS0(r) ♦ V^fr) ♦ VR(r) K*,
+ VP «  K£J + KL  Vp.W . (3.12)
and
v j ± = v r «  kj (r}
+ Vp (r) Kj± (P) + Kj±(P) Vp(r) (3.13)
•j*
where the eigenvalues and the off-diagonal terms-Kj are expressed 
in Table 3.1.
The asymptotic form of x T o o ' (^ >r ) as r ' •*- » is given by«J X/ Xf i i i
i l l
Raynal (Ra 64) to be
sj z z vv  r
i l l i i
* Ct h ' {Gt, Ck r ) ♦ .iFj.Ck r )}], 
1 1  1 1 ‘
(3.14)
DEUTERON PARTIAL WAVE 
COUPLING SCHEME
Z y Z+2 I, 1-2
8 , - 0  
J = 1-
8, = 0 
J = 1<
1 = 1 1 = 1
J = 0 
J = 1 
J = 2
0
1
2 < -
1 = 2 I = 2
J = 1- 
J = 2 
J = 3
1—
2
3<
£ = 3 A = 3
J = 2<?- 
J = 3 
J = 4
J = 2 
J = 3 
J = 4
Figure 3.1
Table 3.1
K'SOZJ 6 KZJ
3
3 £J
Z+l 
Z 
Z-1
I
-1
-(*+1)
£,(2£-l) 
(2£+3)(2£-l) 
(2£+3) (Jl+1)
-Z(2Z+5)~l
+1
-(£+1)(2 ^-1)~ 1
V2 = + 2 d  - £(£+1)
dr2 r dr r2
K t(R) = {J(Jtl)} 
(2J+1)
kL(P)= -K*(R) fd^ + (2J+1) d + (J2 -l)
r dr p
rz^dr2
Kt_(P) = -K^(R) fd2 - (2J+1) d + JCJ+2)
dr2 r dr
Z{2Z+o)~l V 
-V2 
(A+1)C2-1)“
* Robson (Ro 74) quotes the incorrect eigenvalues for the Tp
term from Satchler (Sa 60). The correct ones were given by 
Johnson (Jo 62). '
where ,
j ' 2 i6d ,
c,p- = U e - 1). C3.1S)
^  2 i ' . .
and a , 6*? t are the Coulomb and nuclear phase shifts defined in the
Xj XjXj
normal way. and are, respectively, the regular and irregular
Coulomb wave functions (Ab 65).
For the case of the proton distorted wave in order to keep to
the same procedure used in the expansion of x Q\ in eq.(3.10), the
1 1
time reversal operator (Go 64) defined as
= (-l)m$7m , (3.16)
can be utilized to give
xa’a' = ^  Z" 2 x-o^-o' (’-2 ’V  ( 3 ' 1 7 )
2 2 . 2 2
If the orbital angular momentum for the relative motion between the
outgoing proton and the residual nucleus is represented by £^ and the
total angular momentum by J = £ + s , the expansion of the distorted
-2 ~2 ~ 2 . ‘ .
waves (")*
^a2 0 2 ea£enstates a representation for which the
magnitude of the vectors s , £ and J , and the components of J along
~2 ~2 ~2 ~2
the z-axis are diagonal is given by
Here it is assumed, unlike eq.(3.10), that £ 2 is a good quantum number.
2
Furthermore it follows from eq.(3.5) that the radial wave
function x T o -(^ >T ) satisfies the differential equation 
J £ 2 2
2 2
"-h2 d2 - £2 (£2+l)' + 'V T (r ) - E “
2 2  2 2
2 y
2
dr2 r2 
2 2
z z.
XJ l = ° ’
2 2
(3.19)
= e + co2^go c^2r2) +ip0 ck.rji]£ 2 2 
2
where
V. (r) = V°(r) + V ^ O )  [J (J +1) - I (A +1)- |] . (3.20)
£ o 2 2 2 2 4
2 2
For £ fixed, J can have the values £ and £ +5 .
2 2 2 2
The asymptotic form of the function x T as r ■ + 00 is given byJ J6 o
2 2
ia J
rsvmn „ . . £0 *
o
2 2
(3.21)
J
where C 2 is defined"in eq.(3.15). Note: the validity of eqs.(3.14)
Xj
2
and (3.21) only applies to those values of r greater than the range of 
the nuclear parts of the optical potential.
3.2 The DWBA Transition Amplitude
Following the formalism developed in (Au 64) and (Sa 64), the 
DWBA transition matrix element for the reaction A(d,p)B can be written a
<b$, s o , k iT^laa, s a , k >
2 2 -2 1 DW' l l ~ l
= <xs(’a (k2’P} *bS<5'n),VnplxsC+a %  > P > ^ aa(?)>- (3'22:)
2 2  1 1
Here, as in (Jo 71) the spins of the deuteron, target nucleus, proton
and residual nucleus are denoted by s , a, s , and b; the equivalent
1 2
letter in Greek being their components. The momenta k and k refer to
-1 -2
the incident deuteron and the outgoing proton. The remaining notation 
being standard (Au 70).
Taking into account eas.(3.8 ) and (3.9) the amplitude in eq.(3.22) 
can be expanded as
where J is the Jacobian of the transformation to the coordinates
(r ,r ) from the set (r ,r). The remaining factor in eq.(3.23) is
-1 -2. ~i ~
the interaction matrix element initiating the stripping reaction and is 
defined as
The integration in eq.(3.24) includes a summation over the spin
coordinates of the neutron and proton in the incident deuteron as well
as a sum and integral over all the coordinates of the target nucleons,
which are denoted by C. Thus the right-hand side of eq.(3.24)
depends on r and r only, which enables the matrix element to be 
~1 ~2
rewritten in terms of an expansion
T = J Y dr dr y
DW L , ~ i ~ 2
—  t  Io’er* 
2 1
x <s o r,b3 |V Is a T,aa>
2 2 1 n p 1 i i’
(3.23)
dCXa? (p)^g3 (C,n) D
2
2
(3.24)
where
Dnp = Vnp(p 'n' ^s1 *
1
(3.25)
The formfactor G„ . . ' may be defined by the inverted form of the 
£sj,A
expansion in eq.(3.26) to give
G. • ,(r ,r ) = i*J&SJ,A ^ 2  ~ 1 2 £+l
2b+l
<s o',b3 |V Is a 1,aa>
2 2 ! np' i i
aga'a'am 
2 l
s -a1
x (-) 2 2 (aa,jm|b3)(s o',s -a’I so)(£A,so Ijm). (3.27)
1 1 2  2
a
The inclusion of the factor i ensures convenient time-reversal 
properties (Br 62), as G . . transforms under rotation of the coordinate
A/OJ ^ A
m*
system like that of the spherical harmonic ..
The amplitude in eq.(3.23) may then be written as
£ma a
T = I j(aa,jm|bg^ . 2 1 (k k ) (3.28)
£sjm J ~2 ~i
where, the statistical factor
(2j+1)^ (3.29)
and the ’reduced1 amplitude 3 is given by
£ £ma o s -o'
j i P sj 2  1 = I . (-) 2 2 (s^,s^-a^ |sa)(£A,sa|jm)
o' o' a A 
2 1 1
dr 
- 2 j? !  xa'a''[1!2 >!2 > ? s j )X ? 2 ? 1:i4 +a' C3'30;ia 2 2 1 1 1 1 1
The integral on the right-hand side of eq.(3.30) involves an integration
over the space of both vectors r and r . , Hence the numerical evaluation
~1 ~2
of such a six-diiiiensional integral is quite difficult. One way of 
reducing the number of dimensions to three is to use the zero-range 
approximation which is justifiable on the grounds of the short range 
character of the two-nucleon interaction.
3.3 The Zero-Range Approximation
The zero-range assumption has the physical meaning that the
proton is emitted at the same point at which the neutron is absorbed,
so that r = yr where y = M . *
-2 ~1 A
M.+l
A
The D-state of the deuteron is necessarily neglected in this approximation, 
The form factor xcan t i^ere^ore expressed as
7D A
(3.31)'
The quantity R. is the normalized radial wave function of the stripped 
3 &
neutron, and D is a normalization constant, o
Thus inserting eq.(3.31) into eq.(3.30) yields
. AmCTa.. v s -o'
ji A ,  CZ-R-)= D0 1  (-) 2 2 (S o’,s -a'.{sg)
SJ o’ * a 1 crX 1 1 2  2 .
2 1
x(£X,sa | jm)
!r! xa T
c (3.32)
The integral in eq.(3.32) may now be considered by inserting 
the r^-dependence in the expansion for the distorted waves given by 
eqs.(3.10) and (3.18). So
[dr  ^  ^ (k ,yr )R.0(r )y J (r ) x ^ i ( k  ,r )
J- 1 Xa a. -2 -l" r  A ~i cr a ~i ~i 
2 2 •
= 1 
Yy
dr! XJ l Xj % t < (k ,r )
1 2  i l l  1 1
Xo . ,rx* *
d °i Y£22. C*i> YV  (!i} \ ^ * 33^
The angular integration over the spherical harmonics in eq.(3.33) 
can be performed using eq.(A.5) to give
I'l Xf IjlX) (V0,Z 0 I £0)
1 2  1 1 2  2 1 2
x 1 
Y '
dr! XJ I Rj^('ri'> XJ Jl Af k^ i,ri^ *
2 2 1 1 1
(3.34)
Eq.(3.32) therefore becomes
„ . Jlmcr o s -a1
ji p  .' 2 1 (Z.R.) = 4tt I (-) 2 2 (s1a * ^ - a ^  |sa)
x (JlX,scr | jm) (Jl X ,s a |j M )(JlTXf,s a |j M ) 
1 1 1 1 1 1  1 1 1 1  1 1
Jl +JI o -a’
x (Jl X ,s -a IJ M ) (Jl X’,s -a1 |J M ) i 1 2 (-) 2 2
2 2 2  2 2 2  2 2 2  2 2 2 '
X* X*
x Jl’Jl (Jl«X',Jl X’kX)(Jll0,£ 0 1£0) Y .1 (k ) Y 2(-k ) 
1 2 1 1 2  2 1 2 *, -1 * ■ ~2 
a 1 2 ;
• Jl
(3.35)
2 2 1 1 1
with summation over J ,M ,Jl 1 , Xi ,X* ‘a 1; J ,M , Jl ,X ,X* ,a' ; a., and X,
1 1 1 1  1 1  2 2 2 2 2 2
The radial integral is defined as
f S I  J *». <Z-R-) = ^  Do :
1 2 2 1 1 1  i 9    •
1 2 y
dri xj £ < v * v  W xj  (k i
1 2 2 1 1 1 1 1
(3.36)
Six of the angular momentum projection quantum numbers can now be summed 
over.by using the contraction formula eq.(A.10) and various symmetry 
properties of the CJ.ebsch-Gordon coefficients, see Appendix A, to show
that
o -o'
y (-) 2 2 (fcfA*,s a’ IJ M ) (Z A’,s -a’ |j M )
a «gta 1 1 1 1 1 1 .2 2 2 2 1 2 2
1 2
A'A'A 
1 2
x ( r A ’,£ A’ I£A) (-) 
1 1  2 2
s -a’
2 2 (s a*.s -a1 so) 
1 1  2 2
x (£A,sa|jm)
s -a
s (-) 2 2 J J £ (J M , J M  I jm)
 ^J 1 2  1 1 2 2 |J
r V s J 1
1 1 1
V I- s J «
2 2 2
ZV s ■3 . (3.37)
The last factor on the right-hand-side of eq.(3.37) is a 9J symbol 
(Br 62). Using this result, together with symmetry properties in 
eq.(3.35), gives the final form of the reduced amplitude in the zero- 
range approximation to be
f £ma a £-£ -Z \ A *. 2 1 (Z.R.) = '4ir T i 1 2 Z J Z s (J M ,jm|j M )
sj ■ ■ J L 2 2 2 2 1 1 1
x (£ A ,s a |j M ) (£ -A ,s a“ |U M ) 
1 1 1 1 1.1 2 2 2 2 2 2
A A* „ A* „ £s.
X (-) 2 x *  (k ) Y ^ q c  j f j  I j  4 t, (Z .R. )
2 1 2 2 1 1 1
X (£ 0, £0 | £’ 0) 
2 1
Z s
J £ s 
2 2 2
(3,38)
with summation over J 3Z ,Z*,X : J ,Z ,A .
1 1 1 1 1 2 2 2 2
3.4 The Form Factor
In terms of the formalism developed in the preceding sections, 
the structure of the deuteron (S- and D-state) enters the calculation 
explicitly through the form factor G . defined in eq. (3.27).
ArS J y A
The integral in C, eq.(3.24), can be considered in the following
form
dC*bB(C.n)*aa(c)
m
J  o *  (aa.j mn |be)1- n (rn>n) R^b (r ), (3.39)
j I m Jn n n 3Jn Jn n
Jn n n 0
where rn is the position vector of the neutron relative to the target
ab
and, as in eq.(3.31), R. . is the normalized radial wave function ofj X/
n n ab
the stripped neutron. The coefficient a. is related to the usual
J ^ n
spectroscopic factor by
cab . ab
Sj I (N V  aj Z , (3.40)
•'n n Jn n * v J
where N is the number of active neutrons in the target. Finally,
m Z A s
on .. (r ,n) = 7 (£ A ,s a |j m ) i n Y n (r ) x (n) •0 Z s i  \,n* . L  - n n  o 3 |Jn n ^  Z -K„nJ Aa
n 3 n A a 3 n 3
" 3 (3.41)
The observed angular momentum of the deuteron is J = 1. States 
of even parity are expected to have a lower energy compared to the 
corresponding states of odd parity. Hence the deuteron ground state 
is expected to have J = 1 and'even parity, i.e. to be a mixture of 3S^
and 3D .
1
The neutron-proton interaction V appears in the DWBA transition
a a
amplitude in the product V d> 1J eq. (3.25), where <f> 1 is the deuteron
1 1 
internal wave function. This function must, therefore, be an admixture
of states with orbital angular momentum 0 and 2 , and may be written as
o o *
^g1 (r,p,n) = I uLCr)JL^ts (r,p,n) i , (3.42)
1 L=0,2 l l .
using the procedure adopted by Johnson (Jo 67). UQ and are, 
respectively, the S- and D-state radial wave components of the deuteron 
wave, function. The presence of the factors i^ in eqs.(3.41) and (3.42) 
ensures that these components have the same relative signs as in 
(Jo 67; B1 52). In an analogous manner to eq.(3.41),
O /V T A y«. o
^Ls's C^,p,n) = I (LA,s'a’ |s a )iLY^(r) -y }.(n,p) (3.43)
1 1 ~ Ao * l l l l  ■ ■ -
1 
a'
where x ] (n >P) represents the triplet spin wave function of the neutron- 
1
proton system.
Advantage of the form in which the deuteron wave function appears
in the transition amplitude may be taken, by using the Schrodinger
Equation satisfied by this function which may be written
a a
V $ 1 (r) = fa2 £ 1^ $ 1 (r), (3.44)np ‘s
1 M d
s
1
and inserting the expansion eq.(3.42) into eq.(3.44) gives
Vnp *s1(?  = , VLCr)<iLs's fr*P*n.L <3-45)
1 . L=0,2 i !
where the radial functions are defined by
" UL (r). (3.46)VL (r) = iL |"R2/d^ + 2_ d - L(L-i-l)] - e*
LM . W  r d r  r2 J
Substituting eqs.(3.39) and (3.45) into eqs.(3.24) and (3.26) 
gives the factored form for G 0 . '5
J6S J 2 A
where using the properties of Racah Coefficients, Appendix A,
~  ^ j -s-£-L
A„ . = a. „ s s2 £.(-13 n W(L s' ss ;-s s )
&SJ . J £ i  ^ ' 1 2 1 3Jn n n 1
x W(&n s Z s; jn L) , (3.48)
and Z-Z -L . 
L n „ab
•fLi x = 1 J Ri . w  vL w»A -2-1 V n R
A A
l T t L , u W '  (3.49)
n * ■
In eq.(3.49) the bipolar harmonic L ^  (Br 62) is given by
n
A.
T* L.£X " I C V n > LAl ^  q n) <  W -  (3.50)
n * A A n
n
Here, it has been assumed for simplicity that the transition is 
associated with a unique set of neutron quantum numbers jn , Z^.
Johnson and Santos (Jo 71) noted a one-to-one correspondence 
between L and s for a (d,p) reaction: s=| and s=| are associated,
respectively, with contributions from the deuteron S- and D-states. 
As a result, the sum over L in eq.(3.47) is redundant. Hence from 
tables of Racah Coefficients (Br 62),
y *o nh  ^ „ J.
G , . . (r ,r ) = 6 AT J R „ (r ) Y 0n (r ) (4tt) 2V (r),
Zhi ,A\.o~i Z hi J Z K n' Z v J o vz’)n > * 1 n n 2Jn Jn n n
(3.51a)
and
GiH  = At 2j i"’"n J Rf  i 1
2 n z 1 n2 n Jn n
X T£ 2,£A ^ n ,r*)i (3.51b)
n
where
3.5 Finite Range Treatment
The approximate treatment of finite range effects for the deuteron 
S-state, first proposed by Buttle and Goldfarb (Bfiu64) and independently 
by Bencze and Zimanyi (Be 64), is known to be a good approximation to 
the exact finite range calculations of Austern et al. (Au 64) with the 
advantage that it retains most of the simplicity of a zero-range 
calculation described in section 3.3. Johnson and Santos (Jo 71) 
extended this approximate treatment to allow inclusion of the deuteron 
D-state for a complete calculation of the DWBA matrix element.
Returning backto the double integral expressed in eq.(3.30), 
using the expression for the form factor eq.(3.47) gives
n
rLA 
1412 (3.53)
where, changing the integration variables to rn and r
with
and
V
xj \  V  
1 1 1
Xj * A  
1 1 1 1  1
(3.55a)
xA 4  V  (V V  V  &  
2 2 2 2 2
(3.55b)
Adopting the procedure of Buttle and Goldfarb (Bu .64),' F^- 
may be written as
 ^ x»
\ \  F^ = (2u)2 K  ( ' ) A  *l-a cj v y  xA 2 Ciry
.ab
X*n
x Rj £ r^n^ Y£ r^n^ XA  A,^ n ^  
Jn n n i l l
(3.56)
where
4>u  (K) =  ( 2 tt) - 2
iK.r
dr e ~ ~ V L (r) Y“ (r) (3.57)
In eq.(3.56) K and K are the operators 
~l ~2 *
i K = V , i K = y" 1 V , 
1 1 2 2
(3.58)
where V and V are gradients with respect to r , with the condition
1 2 . n X'
that V only operates on x T10 oi anc* 7 only operates on x TV  •
1 J A/ X» ry J Ji
1 1 1 Z 2 2
These equations are exact in the sense that no approximations 
were involved in deriving them from eq.(3.54). They form the basis
of the Local Energy Approximation (Bu 64; Be 64). The evaluation
of F^, as given in eq. (3.56), requires the use of a power series 
12
expansion for the function in the components of'the vector K. 
From the definition of V^(r) in eq.(3.46), (Jo 71; Sa 6 8 )
(2ir)I > l a (K) = -4irft2M_1(K2+a2)UL (K)Y^CK), (3.59)
where
n = Ka R"1 (Me,)2 = 0.2316 fm"1,
uLac) = dr r2 jL (Kr)UL (r), (3.60)
Uq (K) and U^(K).being, respectively, the radial parts of the deuteron
S- and D-state component in momentum space.
For the S-state, bearing in mind that distortion tends to
introduce both high and low momentum components into x T and x T o o p ^ «j a %) & &
2 2 1 1 1
the approximation should be more reliable where $ is
larger. By favouring the region of low momentum ^0 0 (K) may be replaced
by a polynomial (Bu 64) which is accurage for K «  (range of
The usual first order approximation is,
K2!(2tt) 2 (j)0 0 (K) = Do 1 -
8 2J
(3.61)
which is equivalent to retaining only the first two terms of the 
Taylor expansion at K=0 of $ as given by a Hulthdn type wave 
function (Hu 57)
r U (r) = NH (e'ar-e"Pr). (3.62)
The constant Dq in eq.(3.61) is given by
Do = -H2M_1 (4ttJ [(a2+K2)U0 (K) ] K = 0 (3.63)
= -£d
I
dr (4ir) * u0 (r)- (3.64)
Turning now' to the D-state, it will be recalled that the function
d> . depends on the direction of the vector K unlike that of <j> which 
2A ~ 00
which has spherical symmetry. This difference is responsible for the 
greater complexity of the D-state contribution to the (d,p) transition 
amplitude. The approximation to which is the counterpart of 
eq.(3.61) is (Jo 71)
(2it) 2. $2A (K) = (4tt) * D2 DqK2Y^CK) . (3.65)
where Dq is the constant defined in eq.(3.63) and D^ is given by
D = Lim (K2U (K) } " 1 U. (K). 
z K-K)
‘ (3.66)
A feature of this approximation is that the angular dependence of 
<f>2A (K) is taken into account exactly on the right-hand side of 
eq.(3.65).
Using eqs.(3.61), (3.33) and (3.34) in eq.(3.56) for the S-state,
yields
k k F0 0 = 1 D (4tt)"^  £’ V  (£fA*,£ A' \l A ) 
1 2 12 ~  0 1 - 2 1 1  2 2 ' n n
n
x (£’ 0 , £ 0 1 £ 0 ) 
1 2 1 n
*
dr i—
*
1 s* N
>
n
J
0 . e 2 .
XJ Jl (IV xrn3
2 2
.ab
x Rj £ (rnJ XJ Jl V  (k!’V  
n n 1 1 1  1
(3.67)
In order to proceed further it will be noted that the Schrodinger 
Equations for the wave functions in the integrand may be expressed in 
the form
XJ £ £’ k^ !,rn^ 2yi *-H! " £,(-rn ^  XJ £ &» (k i>rn  ^9
. 1 1 1 1   1 1 ^ 1
H2 (3.68a)
?2 XJ I Ck2,Yrn} = 2y2[E2 " YJ * CYrn)] XJ  ^(k25Yrn^
2 2    2 2 2 2
R 2 (3.68b)
K2 R*h n (r ) = -2\i [e + V. n (r )] R*b 0 (r ), (3.68c)
~3 JnV n _ i  n ■ V n  n V n  n
R 2
where V. 0 is the potential used to generate the neutron form factor
J x»Jn n
and en is the reaction separation energy. In eq.(3.68a) it has been
assumed that the finite range correction factor can be approximated by
functions which satisfy eq.(3.11) without the coupling term. In view
of the small nature of the finite range correction and that of the
tensor forces, this approximation should give no cause for concern.
Hence, the following expression for F00 is obtained,
12
F00 = 1 D (4ir)"2 V l  ( r X ’,£ X1 |£ X ) (£’(),£ o|£ 0)
12 -  0 1.2 1 1 2  2 n jr' V l  * 2 n '
A
£
n
x F(J £ V  J £ j £ ), (3.69)
1 1 1  2 2 n n J
where
k k F(J £ £’ J £ j & ) = 
1 2 . 1 1 1  2 2 n n7
dr A (r ) Y T . (k , yr ) 
n 12 n AJ £ 2 n
o 2 2
x R j it ( V  C3-70)n n i i i
with
Further, consider the approximation to the D-state term in 
eq.(3.65). For any homogeneous quadratic function F(K) of the 
components of the vector K, then, as it appears in the integral of 
eq.(3.56) F(K) can be shown to be equivalent to (Sa 6 8 )
F(! K + K )  = a F(K ) * a F(K ) + a F(K ), 
-1 -2 1 -1 2 -2 3 ~n
( 3 . 7 2 )
where
a = - (2 -y) , a = l(2 -y), a = 1 ,
1 “ 47” 2 - 2  3 ~
(3.73)
2y
and K = -iV operates on the neutron wave function alone. Thus 
..n n r
eq.(3.56) may be written in the form
k k F2A = ( 4 tt) 5 D D 
1 2 12 2 0
dr (-)A {a K2Y"A (K )+ a K2Y~n (K ) 
- n 1 1 2 - 1  2 2 2 - 2
+ V'A (KJ}
3 n 2 ~n
,ab
*
rXn
x Rj“* (rn3 Yr (fn) Xj‘i r (y -  C3-74;)
2 2 n n l l i
By applying the 'gradient formula1 (Ro 63) it can be shown that
K 1 Y" X(rn) YX (rn)
5_
4 tt
i p  (U,2A|rX')(2 0, I' 0 11 0) Y X'(rn) 0 ^  x O n),
( 3 . 7 5 )
where the radial operators 0 ^,^ are given by
0, , , = d2 + (2&+1) d + 1^1 ,
X'" ’ 0 r dr 0
dr2 n n r 2n n *
(3.76a)
0 £,£
= d2 + 2 d - £(£+1) = V2
, o r dr 
drz n n n n
(3.76b)
0 „ + 2 * = “ (2 £+l) d + £(£+2 ) .
* , p r dr o
drz n n rz
n n
(3.76c)
Substituting eq.(3.75) into eq.(3.74) an expression for F? 2 is obtained, 
namely,
P2 A = - 1 
12 ”
4 tt
(i) ^ D D „  y a. F 1 . , 
° 2 1 2A
(3.77)
where
= I (-) (£'X',2-A L»M’)(2 0,L' 0 £' 0) 
2A 1 1  1 1 1 1
L-’M ’
1 1
x L’ £ (L» 0, £ 0 1 £ 0)(L'M',£ Xf|£ X J
_1__2 1 2 1 n i i* 2 2 1 n n 12L ,
a 1
£
n (3.78a)
f2a} = ^ (-)A ( v ; > 2 -A iL;Mp c 2 °>l; °ia 2 °5
L’M 1
2 2
x £’ L 1 ( £ 1 0, L» 0 1 £ 0 )(£'X',LTM ’|£ X ) ’
1 2 1 2 1 n 1 1 2 2 1 n n' 1 2L 12
£
n (3.78b)
and
PCS) = I (-)A (£ X ,2-AI£X) (2 0,£ 0 |£ 0)
2A £X n n 1 n
X £* £ (£' 0,£ 0 I £ 0) (£’ X1, £ Xl|£X) F ^  ,
1 2 1 2 ' 1 1 2  2 12£
£ (3.78c)
with
F (1 J, = (k k D" 1 
i2 L' 1 i r
 ^ nh
r dr Y t (Yr ) R- o (r )n n AJ £ w  nJ j £ ^
2 2  n n
{0 L!£f rn XJ £ V  5
1 1  1 1 1
(3.79a)
F (2 j t = (k k ) " 1
1 2LJ,  ^ 1 2J rn drn{0 L'£
2 2 2 2
X Rj £ XJ £ £’ ^ riP * n n ! i !
(3.79b)
and finally
F(3)
12*
(k k ) 
1 2 _ 1 frn drn XJ * {°££ * f  I (rn)} *J £ £'(V
2 2 n Jn n 1 1 1
(3.79c)
The Schrddinger equations, eq.(3.6 8 ), satisfied by x T 0 > -R* 0 an<^d J6 1 Xj
2 2  n n
X T 0I (without coupling term) can again be used to simplify the terms J X/ 36
1 1 1
in the ®Li£ operators involving second radial derivatives. The
(3)
result being to replace a 3F^2^ ky
G „ = (k k ) 
1 2*  ^ 1 2 drn XJ £ (Yrn} XJ £ £'(rn5
. 2 2 1 1 1
4ab
X {a, C°££_ " V l P  + (Ai2(V - 1)}Rj“£ j rn)
n n n n n
(3.80)
where A is the S-state finite range correction factor defined in 
12
eq. (3.71)," and replacing the radial integrals and by F ^
and F ^ ,  respectively. Here, F ^  is given by eq. (3. 79a) but with
0 Tfol replaced by F is defined in a similarL’£
1 1
fashion.
1 1 1 1
With this information in mind, the expression for the reduced
i t ;
amplitude, eq.(3.3©), may now be written as
Jana a I-1 -I A A A
f  . 2 1  =  4 tt J i 1 2 J & s (J M ,jmlJ M )
' S 3 L 2 2 2 1 1 1
x f U ' , s o  |J M )(£ -X , s a IJ M ) 
1 1 1 1 1 1 2 2 2 2 2 2
A A* A A* „
x (-) 2 Y /  Ck ) v p  Ck )
1
>{J V
1
£sj
[J I J I V  3 
2 2 1 1 1
( 3 . 8 1 )
in the finite range approximation with summation over J ,M 3l .A
1 1 1 1 1
J ,M ,£ ,A .
2 2 2 2
Finally
■ 2 n
-r « T o = (207r)2 A? 3 . D D Y 1 i 3 1 3  1 V  K J £n|3n o 2
£-£ 
"I ,• n
2 2 1 1 1
£ +£ ......
Y (-)  n r (£ '£  ;L‘) a F ' ,  
T . 1 2 1 1 1 2L
1 1
+ y r(£ £ 1; L ’) a , 
L« 2 1 2  2 1 2L«
+ £' £ £ _1 (£' 0,£ 0 1 £ 0)(2 0,£ 0|£ 0) G '
1 2  V 1 2 * ' J 1 n J i2£
(3.83)
where, from eq.(A.6 )
r(£’£ ;L') = £ L ' W(2£’ £ £ ;L! £) 
■12 1 2 1 1 n 2 1
x (V 0,'£ 0|£n 0) (2 0,L* 0(r 0) (3. 84)
and similarly for T(£ £’;L’).
2 1 2
3.6 Preliminary Analysis
Having re-derived the formalism of Johnson and Santos (Jo 71)
for the inclusion of tensor forces in the deuteron channel, it is
useful at this stage to compare the basic features of the theory with
the work of Harvey and Johnson (Ha 74).
To incorporate coupling to the singlet channel, it is first
_s
necessary to write partial wave expansions for the functions xa 1
1
appearing in Chapter 2, specifically given by eq.(2.71), in the form 
of eq.(3.8 ), namely,
1 ai 11 1
(3.85)
where the dependence on k^ has now been specified and has been 
identified with R of Chapter 2. In a similar manner to eq.(3.10),
1 1  1 1
M X X* 
1 1 1
X* . X* „ I s 
x U  X',s a ’|j M ) Y x(k ) Y 1(r ) i *x 1 (k r ), (3.86)
1 1  1 1  1 1  i ~l i 1 1
with the assumption here, with £ 2 is a good quantum number. In the 
following analysis the presence of tensor forces will therefore be 
neglected in this instance, and attention will be focused solely upon 
comparisons arising from
a) including the singlet channel,
and b) including TR, T^, and Tp tensor forces.
For the sake of simplicity consider the zero-range approximation 
of section 3.3. Using equations (3.85) and (3.86) in eq.(2.71) it
was shown by Harvey (Ha 70) and summarized by Harvey and Johnson (Ha 74)
that the contribution from the singlet coupling arises in the J = I
s 1 1
partial wave. The radial functions x T10 Cr  ) then satisfy the followingJ J6 1 
1 1
coupled equations
-hi
2y
d2 - % (I +1)' 
— 0 1 1
dr2 2
1 r7
+ V 1 _ e n " 1 
J I *d
1 1
ll £ (r!} 
J 1 1
- 6j z  An ° h z  ^
ii i r i
(3.87a)
where
^  CV  = ^ lTl} + iCVn +V  (3.88).
as eq. (3.12)., and
V£ £ < V  = V ° C V ’ C3-89)
1 1
and = 'E + e^. The coupling terms AV are given by
AVJ° = a i(V^° - V p  V 1°o (ri)[£i(£i+l)]J, (3.90a)
and
AV®1 = KV®0 - V p  V°(J(ri)[£i(£i+l)]^ / (3.90b)
where a is the quantity defined in eq.(2.75). It may be noted from
eq.(3.90) that if the neutron and proton spin-orbit potentials 
SO so
(Vn and Vp , respectively) are equal, then the stripping reaction is 
determined only by the triplet states, since the coupling term vanishes 
In comparison with eq.(3.14) the radial functions x 1 and X° 
have the following normalization (Ha 70)
The modification to the 1 reduced' amplitude P(2.R.) eq.(3.32) 
incurred when including tensor forces resulted in an additional 
summation over the subscript The singlet channel can be
incorporated along similar and much simpler lines. In this case the 
deuteron triplet partial wave is coupled to an additional
singlet partial wave, and the deduced’ amplitude may then be written 
(Ha 74) as
£mcr o tocr o ■ t o e , ' .
p  sj (Z.R.) = p sj 2 1  (2.R.) 1 + a (2.R.)0, (3.93)
where (2.R.) 1 is defined by eq.(3.38), corresponding to the 
expansion of eq.(3.86), with £ = Jt’ and
f T „ (Z.R.) 1 = C4ir)2 DJJ t J  l ^-4- ^
2 2 1 1  K k —
x r j* cri)5X / v -  t3-94)
The various contributions to the stripping amplitude from the 
singlet channel and the tensor forces Tp, Tj and Tp given at the 
beginning of this chapter may now be inspected. These contributions
may be split into two categories (Ha 74)
i) a direct contribution
ii) a second order contribution!
For the singlet case the direct contribution arises from the 
amount of coupling between the spin channels and on the ratio of the
singlet and triplet neutron-proton potentials. The effect of this
contribution modifies the triplet £ - J partial wave. The partial
1 1
waves with respect to the values £ = J ±1 remain, of. course, unaltered
1 1
When including a Tp and Tp tensor force the opposite is now true
The £ - J partial waves are uncoupled, whereas the £ = J ±1 partial
1 1 - 1 1
waves are now coupled. Here, for a given £^, the diagonal £ - £'
(£ ) partial waves are coupled to the off-diagonal £ +2 and £ -2
1 1  1 1
partial waves in a similar manner to the singlet case, eq.(3.93). By 
keeping all-the summation indices constant in eq.(3.38), except for 
£*, the contribution from coupling may be extracted in a manner 
compared to eq.(3.93).
Eq.(3.95) represents the direct contribution-in this case. Thus for
a given £ :
1
if V  £ £ then V  picks out the off-diagonal term £ -2 and the 
1 1  l 1
on-diagonal term £ , similarly if £' £ £ then £' picks out the on-
1 1 1  l
diagonal term £^ and the off-diagonal term £^+2, as shown by Figure 3.1 
The amount of coupling in this case being dependent on the magnitude 
of the Tp and Tp forces.
Hence the effect of the direct contribution is to modify the
i.e. T .......   x [(£ 0,£01£ 0) J £ s f
■ 2 1 1 A 1 1 if J
£sj
J £ s 
2 2 2
(3.95)
balance between the contributions of different total angular momentum 
radial integrals for a given orbital angular momentum.
On a final note, Harvey (Ha 70) was able to show that the second 
order contribution from the singlet channel to the triplet matrix 
element depended on the amount of coupling between the spin channels 
and was equivalent to the introduction of a non-local tensor spin-orbit 
force T^, given by eq.(3.2).
To ascertain the quantitative effect of the contributions - 
previously outlined, requires numerical calculations to be performed. 
Much interest has been shown towards the use of sub-Coulomb stripping 
reactions to obtain novel information about the deuteron D-state.
The following chapter presents a numerical investigation for a 
sub-Coulomb stripping reaction with specific reference to the 
analyzing powers by including the singlet channel- in the light of new 
information concerning the strength of the singlet and triplet channel 
coupling. In Chapter 5 this investigation is continued, by removing 
the singlet channel, and examining the effect of a Tp type tensor 
force.
CHAPTER 4
SINGLET DEUTERON BREAK-UP CALCULATIONS
For a (d,p) reaction with deuteron incident energies well below 
the Coulomb barrier, and near zero Q-values, the neutron capture usually 
occurs far outside the nuclear surface (Go 6 6 ). Hence a host of 
uncertainties associated with stripping reactions at higher energies 
disappear, for instance:
i) Nuclear distortion
The reaction process will be relatively insensitive to the optical 
model parameters used for the nuclear central potentials.
ii) Compound-nucleus effects
The existence of a direct reaction mechanism is ensured. 
Compound-nucleus effects will tend to vanish as the excitation energy 
in the residual nucleus increases (i.e. the Q-value decreases), since 
the proton has a lower energy and is therefore less able to penetrate 
through the Coulomb barrier. -
iii) DWBA calculations
' The proton elastic scattering wave functions will be extremely 
small in magnitude inside the nucleus, where the nuclear potential 
term Vp - V , eq.(1.32), differs from zero. Thus reliable calculations 
are expected.
iv) Antisymmetrization
The assumption that the 'exchange1 scattering amplitude, eq.(l.,34) 
is small will be guaranteed for a neutron captured far outside the 
nuclear surface.
v) Neutron bound state
Outside the nucleus, the neutron bound state wave function is 
completely determined by the spin, parity, and binding energy of the 
nuclear state within an overall normalization factor. Thus calculations
using a simple 'well-depth' form factor are expected to be reliable.
An example of a reaction in which these uncertainties are
minimized, is that of 2 0 8 Pb(J,p) 209Pb initiated by a deuteron whose
incident energy of 9 MeV is below the Coulomb barrier height of 10.4
MeV. This height is defined as the maximum potential energy Coulomb
plus nuclear as seen by the deuteron (Kn 76). An attractive feature
of this reaction is the relatively small ground state Q-value of 1.7 MeV.
This means that transitions to the. states at 1.57 MeV and 2.03 MeV
have near zero Q-values. Knutson and Haeberli (Kn 75) proposed that
measurements of the tensor analyzing powers T , T , T , for these
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transitions could be used to obtain quantitative information about the 
deuteron D-state wave function. Although Harvey and Johnson (Ha 74) 
found the effect of singlet break-up states in deuteron stripping 
reactions to be generally small, the effect could be relevant when 
attempting such a detailed fit to experiment. This chapter therefore 
investigates whether in fact this is true for the reaction described 
above and then considers the reaction 9 0 Zr(cl,p) 9 1 Zr, E^ = 5.5 MeV.
4.1 Sub-Coulomb Considerations
The work described in Chapter 2 demonstrated that it was quite 
plausible to include the deuteron singlet.channel within an exact 
three-body model, before introducing an adiabatic type of approach to 
interpret and reduce the theory into a tractable form.
It has been shown by Kolltveit and Nagatani (Ko 69) and more
recently by Avakov et al (Av 74) that the charactierstics portrayed in
a (p,pn) reaction may be easily explained by assuming the formation in
the exit channel of a singlet deuteron in a decaying resonant state of
about 0.06 MeV. Hence, as argued by Harvey and Johnson (Ha 74) and 
re-iterated in Chapter 2, the singlet 'resonant1 energy may be chosen
to be equal to 0.06 MeV on the grounds that this is the dominant part 
of the singlet break-up state in a (d,p) stripping reaction. In a 
similar manner the triplet channel was identified to correspond to that 
of a bound deuteron.
The analysis in Chapters 2 and 3, ultimately led to the solution 
of a coupled radial Schrodinger equation for the partial wave.
(The solution for the radial Schrodinger equation in the triplet channel 
when f J proceeds as in standard DWBA theory when neglecting tensor 
forces.) .In the interests of clarity, eq.(3.87) may be rewritten in 
the form
I V  + 5J £ ^  t (r ) = 8j * AVJOxJ t (r ) .
1 1 1  1 1  1 1 1 1 1
(4.1a)
IKr + V? * C* ) - (Hds d-,0)rxl 4 (r ) - A V ^  t (r ). 
I l l  1 1  »*1 1 1
(4.1b)
where K = -h2 
r —
1 2y
f_d2L_ - W 1^
dr2
1 r?
By taking the range of V to be the same in both the singlet and
triplet channels (Ya 54) the coupling potentials are found to be
completely symmetric, see eq.(2.85). Harvey (Ha 70) was able to show
that the central parts of V* ^ and VJ ^ were equal, and only
1 1  1 1
differed by the presence of a spin-orbit potential in the triplet
sochannel, see eq.(3.89). For Z = J the eigenvalue of K 0 is -1
J X» A/
(Table 3.1), and the strength of the spin-orbit term is around 6 % of
the real part of V* ^ (Table 4.1). For a sub-Coulomb reaction this
1 1
additional term is expected to play a very minor role, and thus to a
good approximation V® ^ may be taken equal to V* ^ . Eq%.;(4,l) ^hen
1 1  1 1
reads
4.1.1 The Singlet Channel Energy
The only asymmetry remaining in eq.(4.2) is the presence of the 
energy term C£(j+£0) in eq.(4.2b). At this particular point, Harvey 
and Johnson (Ha 74) utilized the adiabatic assumption by requiring the 
dependence of the energies and cq to be very weak. Eq.(4.2) is 
thereby rendered completely symmetric and can be uncoupled by addition 
and subtraction. This means that a solution, may be obtained, in a 
conventional manner (So 69; Ha 70). However, for a sub-Coulomb 
reaction this approach becomes questionable. As previously mentioned, 
the Coulomb barrier “height of 10.4 MeV for 208Pb is slightly higher 
than the deuteron incident energy E^ = 9.0 MeV. The energy available 
in the singlet channel should strictly be E^-e^-eo = 6.7155 MeV, which 
is further below the Coulomb barrier. Thus the chances of the singlet 
deuteron penetrating the barrier are decreased compared to the triplet 
case. The use of the symmetric approximation, adiabatic in origin, by 
Harvey and Johnson clearly over estimates the role of the singlet 
channel. The matter is made more acute when considering 9 0 Zr(d,p) 
9 1 Zr, E^ = 5.5 MeV. Here, the Coulomb barrier height is now 5.7 MeV. 
The singlet channel energy should thus be 2.2155 MeV, which is 
considerably further below the Coulomb barrier.
To overcome this query, eq.(4.2) needs to be solved in an exact 
manner using a modified Numerov (Me 6 6 ) numerical method (Appendix B) 
keeping the correct energy asymmetry in the singlet channel.
The solutions to eq.(4.2) are then given as linear combinations
of the numerical solutions such that
X* % C O  = ai x - ^ C ^ )  + a x O C O v
(2)
V. AT ' r
(4.3a)
and “0n a Cr } = ai xs(1)<V + a2 X ®  (rx) 
1 1 '
(4.3b)
Recalling the asymptotic form, eqs.(3.91) and (3.92), and using 
Wronskians (Me 61), eq.(4.3) may be solved by noting that
W(Fa ., ) = 1, 
1 1
(4.4)
and
tai
(4.5a)
0 = a W ^ + a  W<2> , 
1 S 2 S
(4.5b)
where
= W(Ga + iFr  , Xt 1}) etc, (4.6)
4.1.2 The Coupling Potential
The most common spin dependent term encountered in nuclear 
physics is a spin-orbit L.S force. It is this term which is the basis 
for the isospin dependence in the nucleon-nucleus coupling term appearing 
in the formalism of Harvey and Johnson (Ha 74), eq.(3.90). In fact in 
the zero-range approximation, the coupling potential (Ha 70) may be 
written
AV, vs0 _ vS0 2. d_n p
m c dr
I ^ 1
f (r ) 
s J
(4.7)
This approximation is expected to be valid for sub-Coulomb reactions,
since finite-range effects are only important within the nucleus and 
on the nuclear surface. The stripping process in this case will be 
dominated by the Coulomb field and hence the proton spin-orbit force 
is not only determined from the nuclear interaction, but also has a 
contribution from the Coulomb field given by (Sa 67)
R2 1 4  Vcoul ’
o 2 ' 2 ■ r dr 2m c i
(4.8)
where Vcoui is the Coulomb potential. The correct coupling potential
is then expressed as 
AV, = 1 fvso
f \ 
H 2  1■s* A n -
2 I m c rV  ^ TT I
d_
dr
f (r ) s 1 fvso f  h i
L p f c j
2 i
r
1
d f (
T S Vdr
1
,m c, 
v P '
I  d
r dr 
1 1
[^(*1+1 ) ] 2 •
(4.9)
It should be noted that the neutron interacts with the Coulomb field 
via a charge-moment interaction. Sher et al (Sh 70) have quantatively 
studied this interaction and found that it was negligible at energies 
below 10 MeV. Thus it is reasonable to neglect this contribution to 
eq.(4.9).
The largest correction to the Goulombic interaction is due to 
vacuum polarization. These potentials have been derived and evaluated 
to first and second order (Ue 35; Wa 76a) and may be incorporated in 
the following manner (Ri 77)
VP
V ■_ = (1 + a ) V , 
coul coul,
v VP ---
where a •- ]37
(4.10)
For the purposes of this wrork such a correction
will play a very small role, and thus V  ^may be taken to be equal to
4.2 The Computer Program
The calculations described in this thesis were performed by using 
the ICL 1905F. version of the DW CODE program (Ha 70a). This program 
originally written by Santos (Sa 68) in Algol, calculates the differential 
cross sections and polarizations for deuteron stripping reactions and 
the inverse pick-up reactions using the distorted wave theory and 
including the contributions from the S- and D-states of the deuteron 
wave function (Jo 71). In 1970 Harvey modified the code to include 
the effects of the non-locality of the optical potentials in a local 
energy approximation, and the coupling to the deuteron singlet channel. 
With the aim of this chapter in mind, the code was further altered to 
solve eq.(4.2) in an exact manner and also to include the Coulomb proton 
spin-orbit force in the coupling term.
The program generates optical model wave functions for use in 
the DWBA matrix element from a potential defined by
= Vc o u l M  - v - 4WD 4-, fCx'»
dx’
(V + iW ) v so so' ’ R '2 1 d f (xs)
m cIT J r dr
&.S,
(4.11)
where
m c
)
2= 2.00 fm2,
f(x) = (1 + eX) 1 , x = r - rQ k 6 etc.
VcouiCt) is the Coulomb potential due to a uniformly charged sphere of
radius R = r A 3 and has the form
where k is the momentum of the particle and n is the usual Coulomb 
parameter defined as
n = y Z. e i t
kh2
2
(4.13)
with and Z b e i n g  respectively, the charges of the incident particle 
and the target.
The neutron wave function is generated by the ’well-depth1 
prescription, that is, the well depth was varied to fit the observed 
experimental separation energy. The bound neutron potential is 
defined to be
V (r) = - V  f(x ) - n v ' n  ^nJ
.m c 
v ir
2 vsoV 1 n —  
r
d f (x ) 
T ” ndr
£. s ,
(4.14)
where f(^n) is defined in an analogous manner to that of eq.(4.11).
It may be remarked that if an effective three-body deuteron 
potential, see Chapter 2, is defined in a similar manner to eq.(4.11) 
then the program is quite capable of calculating three-body effects 
(Ha 71; Wa 76).
4.3 Distorted Wave Potentials
In Chapter 2 it was found that singlet break-up effects can be 
incorporated within an exact three-body model. Approximations such 
as that of the adiabatic were then used to render a calculation into a
tractable form. For consistency reasons the deuteron potential should 
therefore be generated by the adiabatic prescription. However, for a 
sub-Coulomb reaction some insensitivity to the nuclear parameters in the 
central and spin-orbit potentials is expected. Thus an ordinary 
deuteron optical potential would be just as sufficient as one calculated 
via a three-body model. In fact Knutson (Kn 76) has shown the 
analyzing powers to be insensitive to the nuclear centrel and spin-orbit 
interactions in both the deuteron and proton channels for those 
transitions with near zero Q-values in the reaction 208Pb(3,p) 209Pb.
The effect of a TR type tensor force in the deuteron channel, eq.(3.1), 
is ignored here and will be the subject of a detailed investigation in 
the next chapter.
The deuteron optical potentials were taken from the work of 
Knutson et al (Kn 73; Kn 75a). These are given in Table 4.1 together 
with the proton optical potential and the neutron bound state potential 
obtained from the global analysis of Becchetti and Greenlees (Be 69) .
The bound state central potential was adjusted to reproduce the neutron 
binding energy.
A further variable, when calculating the effects due to the 
singlet channel comes from the value of the neutron and proton nuclear 
spin-orbit difference appearing in eq.(4.9) for the coupling term.
Using recent data of Gosset et al (Go 76) from quasi-elastic (p,n) 
reactions, it was found for 56Fe that the isospin dependence in the 
nucleon-nucleus spin-orbit potential was such that
VP =5.9 ; r = 1.17 ; a = 0.60so ' s o  ' . so
and v11 = 6.4 ; r = 1.17 ; a =0 . 58 .so ' s o  ' so
By utilizing the analysis of Lane (La 62), the real part of the optical 
potential contains a term depending on the isospin and proportional to
Di
st
or
te
d 
Wa
ve
 
Pa
ra
me
te
rs
cO
LO cn to Ch Ol
<P Is" vO vO vO©
OS P © H © ©
US CQ us CQ CO
O to
LO
CM to
LO
CM
cO
Ptsj
oo
CO
cn
o
VO
O
to
LO
cu
oo
o
CM
O
VO
t"-
H
I
to
vO Ci
oo cn
• • • • •
LO LO LO vO
o cr> to VO
o LO cn VO
* • • • 1
r—1 o o o
to
CM
to LO 32
• • ■ • • 1
T— { «H rH rH
o CMo
CM
o
CM 1
00 »— 1 VO rH
00 LO VO LO LO
LO r^ . 00
• • • • •
o o o • o o
o I"- LO '
CM rH o  . rH rH
• • • • •
1— 1 I— 1 rH rH rH
oo
-Vt t-"-
CM
o> cn
CTi L0 rH LO r© (
rH >
XW>
p
©
p
<D
bO
p•H
•xi
p•H
-rQ
/—\ p
rH o1—1 p
• p
p\_/ ©
• pCT*
© ©
rPm p
o p
P •HcO
p o
p
V)
•H
©
p po ©•H p
p 1— iCO cO
p
o V)
p cO5
©
£
uA
/— \ /-Ncj rO
Ph
(t,T), where t and T are the spins of the incident particle and target 
nucleus, respectively. This suggests a potential of the form
It should be noted that the spin-orbit potentials for the 
neutron and proton appearing in Table 4.1 have an isospin dependence 
which is fixed for all A > 40 (Be 69). These were chosen on the basis 
of being the nearest ones corresponding to the work of Gosset et al 
(Go 76). This conflict in consistency, should however, cause no
problems. As mentioned before, the spin-orbit terms appearing in
the nucleon-nucleus potential are expected to play a negligible role 
compared to the central potential for a sub-Coulomb reaction. What
is important is to insert an accurate estimate of the isospin 
dependence in the coupling term. Utilizing the work of Gosset et al 
achieves this.
U = U + U (t.T) A-1.o i ^  _
(4.15)
For neutrons (Ho 71)
(4.16)
and the mean nuclear potential for protons is
U = U - 1 fN - Z] U 
P 0 X  — T—
(4.17)
Thus subtracting the two and extrapolating gives
1 |Vn - Vp ] = 0.74
(4.18)
Other calculational details:
The constant a appearing in eqs. (2.75) and (3.93) was taken to
be 0.70. This is the value obtained from the Yamaguchi separable
potential (Ya 54) when the range of the neutron-proton interactions in
the singlet and triplet states are taken to be equal.
Unless otherwise stated the value of D ., eq.(3.66), determining
2
the amount of the D-state effect, was taken from the work of Johnson and 
Santos (Jo 71) to be
D = 0.524 fm2.
2
This is the value corresponding to using a Yamaguchi wave function for 
the deuteron (Ya 54).
On a final note, the coupling to the singlet channel was calculated 
using the formalism in section 3.6 together with the necessary finite-
range modifications (Ha 74). In this case the effects merely modify
the S-state part of the stripping matrix element as if the D-state 
effects were not included. The D-state contribution is then calculated 
as if singlet coupling effects were no longer present.
4.4 General Features
It was pointed out in section 4.1.1 that in order to solve 
eq.(4.2) exactly would require a modification to the DW CODE using a 
numerical method capable of dealing with coupled equations. If eQ is 
chosen to have the unphysical value of -e^, then the.singlet exact 
equations reduce to those appearing in the symmetrie approximation.
This facility therefore enables a check to be made on the exact 
numerical method.
4.4.1 Singlet Exact/Symmetric Approximation Comparison
By treating the asymmetry term (e^ + cq) in the singlet channel 
correctly means that the effective centre of mass energy available to 
the singlet deuteron is reduced. Presumably this would' lead to a
decrease on the effect of singlet coupling because of the Coulomb 
barrier, as discussed in section 4.1.1. However, this did not 
transpire. A comparison of a complete, calculation for the reaction 
208Pb(cL,p) 209Pb, Ed = 9.0 MeV and 90Zr(3,p) 91Zr, Ed = 5.5 MeV 
revealed that both the symmetric approximation and the singlet exact 
calculation predicted the same results over the entire angular region 
for the differential cross-section and analyzing powers. The agreement 
was so good, to the third decimal place, that any differences on plotting 
would not have been resolved. To investigate whey this happens requires 
a detailed comparison between the two calculations.
Consider the top two segments of Figures 4.1 and 4.2 where the 
magnitude of the first two singlet partial waves for 208Pb and 90Zr 
are plotted. The full line refers to the symmetric approximation and 
the dashed line to the singlet exact calculation. As expected, the 
reduction in the singlet channel energy did cause every singlet exact 
partial wave to decrease in magnitude asymptotically. In fact the 
majority of singlet exact partial waves decreased in magnitude for all 
values of r^. However, there were exceptions:
i) the £ = 1, 2 singlet partial waves for 208Pb,
and ii) ■the A = 1 singlet partial wave for 90Zr,
*
whose magnitude increased around the region of the nuclear interior .
This would have an important consequence on the effect of coupling to
the singlet channel, since the evaluation of the transition matrix 
element requires a knowledge of the singlet partial waves over all values 
of ■ r .
Figure 4.3 illustrates.the corresponding effect on the magnitude
* An explanation for this is shown in the lower segments of
Figures 4.1 and 4.2 as discussed in Appendix C.
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of the singlet radial integrals defined by
,ab0
F
J A I 
2 2 1
drn *j2i , Rj i 4 (rn}’ (4-19>^ 2  Jn n i i
' 0
as eq.(3.70). It is observed that in the exact calculation the
following singlet radial integrals have increased in magnitude:
i) I = 2 for 208Pb,
' 1
and ii) I = 1  for 90Zr.
..-1
The rest of the singlet exact radial integrals have, as expected,
decreased in magnitude. The important point, is that the before­
mentioned increases around the nuclear interior dominate the correspondin 
singlet radial integrals more compared to the decreases occurring far 
outside the nucleus. The reason for this is that asymptotically the
singlet radial integral is further dampened by the bound state neutron 
abwave function R. ^,and hence the consequences of any change in this 
•^ n n
region is negligible. For 208Pb, the small increase in the = 1  
singlet exact partial wave around 8 fm, Figure 4.1, was not sufficient 
to show up in the singlet radial integral, since it was outweighed by 
the bigger decreases occurring for other r values.
It is quite evident from Figure 4.3 that the dominating singlet 
radial integrals, are those which have increased in magnitude. However, 
it is important to realize that the magnitude of these integrals is of
o  '
the order of 10 compared to 10 for the corresponding triplet S-state 
radial integral. Hence the changes observed in the singlet exact 
radial integrals are on the whole, quite small, and thus balance out to 
give the same final result as in the symmetric approximation.
4.4.2 The ’resonant* energy eQ
In the introductory remarks to section 4.1.1 it was argued that 
cq should be assigned the value of 0.06 MeV. This being the ’resonant’
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4
energy of the singlet scattering state. Strictly speaking, within the 
framework of the adiabatic approximation there is no real reason for 
choosing this -value, since any other low energy scattering state would 
be equally viable. For the reasons stated in section 4.1.1, this 
ambiguity could have serious implications on the effect of singlet 
coupling. Solving eq.(4.2) exactly thus facilitates a study of this 
problem.
The asymptotic value of the singlet exact partial wave 
magnitudes have been plotted at the matching radius in Figure 4.4.
This region is of interest, since it has already been noted that a 
large decrease in magnitude occurs when = 2.2245 MeV and eQ = 0.06 
MeV, Figures 4.1 and 4.2. It is immediately apparent that increasing 
eQ to around 1 MeV causes a further decrease in magnitude. In fact 
the values of 1 MeV for 90Zr and 2 MeV for 208Pb lie on the horizontal 
axis.
The consequences on the singlet exact partial wave magnitudes in 
the region of the nuclear interior are not quite so dramatic. . If
Figure 4.1 is taken as an example, then increasing has the effect of
i) further decreasing the £ = 1 singlet exact partial wave,
and ii) decreasing the increased magnitude for the = 2 singlet 
exact partial wave, 
by a very small amount. The corresponding results are obtained for 
90Zr. The singlet exact radial integrals, Figure 4.3, then alter 
correspondingly, leading to the final result of a slight decrease in 
the effect of singlet coupling when eq = 1 MeV for 90Zr and eQ = 2 MeV 
for 288Pb. This further confirms the earlier conclusions, in the
previous section, that the changes around the nuclear interior are more
important than those occurring in the asymptotic region.
It should be remarked that values of 1 or 2 MeV for e are in a
sense somewhat artificial. sq is really the relative energy between 
the neutron and proton, and thus with these particular values the deuteron 
would have certainly broken up.. By increasing e , what has actually 
happened is to further reduce the effective deuteron centre of mass energy 
available in the singlet channel. From this it may be inferred that as 
the deuteron energy is further lowered below the Coulomb barrier, effects 
due to singlet coupling will have a tendency to gradually die away.
4.4.3 The proton Coulomb spin-orbit coupling term
Before formally presenting results, the question of including 
the proton Coulomb spin-orbit term in AV, eq.(4.9) is considered. Due 
to the p  character of the Coulomb potential, the Coulomb spin-orbit 
will behave as -^3 . This long range is rather unsettling since it 
requires the matching radius to be chosen at some suitable large 
distance when this term is negligible. Rosel et al (Ro 77) suggest 
that such a radius should be of the order of a few hundred fm. The 
computing time and storage requirements would be quite large, making it 
an impossible numerical task using the DW CODE on the ICL 1905F computer . 
What Rosel et al propose as a way round this problem is to derive a 
modified asymptotic expansion in order to use a more convenient 
matching radius. Because of the computational difficulties encountered 
when including this interaction, it would be useful to obtain a rough 
estimation of its effect on singlet coupling.
Consider then, the influence of the nuclear forces in a sub- 
Coulomb reaction to play a very minor role. The Schrodinger Equation 
for the three-body wave function t|^+  ^, eq.(2.3) may then be expressed as
* In fact, the numerical complexity of the calculations described
. in this thesis was such, that even a matching radius of 2 0 fm required 
the maximum handling power of the computer.
(E + is - Kr - Hnp - VCoul) *.W (r,R) = 0, (4.20)
where , is the Coulomb field taken to act only on the centre of mass 
Coul
coordinate R. and H = K + V . Now further consider a small 
*• np r np
perturbation AVCr^), which is taken to be the proton Coulomb spin-orbit 
interaction. Thus,
m  ^ ^ II
I ^ > = x,1| ^ > lx1> + 1 AV .X,11 ^d> I X2>- ,
E+i£-K -H -V_ . 1
R np Coul
(4.21) 
-1where <f>^ is the deuteron internal wave function in the space of r, x
a
is the triplet wave function in the space of R, and x^1 the triplet 
spin function. As V£OU;l is a slowly varying field in ^
may be treated as constant, i.e. assuming the centre of mass motion of 
the deuteron to not change appreciably.
' An expansion for the Green’s function in terms of singlet 
scattering states may now be introduced to give
a
dk X0 l<f>£>«f>£ X0 |AV|xi1 <t>d> 
_£o ~ £k
(4.22)
This equation has a similar structure to eq.(3.93). In the transition 
matrix element the product Vnp|iJ>^ +^> i-s required, and the second term 
of eq.(4.22) becomes
a
Vnp dk X0 1'(’£>«('°kX0 1 AV|X.1 ^ H x 1^  (4.23)
This may be taken to be the contribution to the transition matrix 
element from the singlet channel, when the coupling is generated by AV. 
From Appendix D, a rough estimate of this contribution is found to be
a
10~k x0 L. <X0 lap lxi1> X1 for 208Pb
and
a
l(f5 x0 <x0 laplx11> xl £or 9°Zr* * (4.24)
Thus on this basis it would appear that the proton Coulomb spin-orbit 
term, plays a small role in generating the coupling to the singlet 
channel.
Figure 4.5 compares two singlet exact calculations, with and 
without the proton Coulomb spin-orbit term. Because of the long range 
nature (-J-3), the effect only shows up for small angles. It should be 
stressed that the quantitative accuracy of this calculation is in doubt.
A possible check on whether the calculation had converged upon the 
correct result was made by increasing the matching radius and partial 
waves correspondingly. Although the results did not change appreciably 
enough to plot the difference, the small changes incurred could gradually 
build up with further increases. However, it may be remarked that the 
qualitative information contained in Figure 4.5, together with the rough 
estimate of eq.(4.24), suggests that it is probably reasonable to 
neglect this .term.
4.5 Calculations for 2 0 8 Pb(3,p) 2 0 9Pb, E^ = 9.0 MeV
It has been noted that this reaction .is well suited as a choice
for a sub-Coulomb reaction since both the incoming deuteron and the
outgoing proton have energies well below the Coulomb barrier.
Figures 4.6 and 4.7 show the results for including the deuteron
singlet channel. Plotted are the cross section and analyzing powers
for the E = 1.57 MeV, j11 = JL+state, and the E - 2.03 MeV, j77 =. j + x * J 2 9 x
state. The curves represent a DWBA (S + D) calculation (full line) 
and a DWBA (S + singlet + D) calculation (dashed line). The angular 
region of 60° to 180° corresponds to the range of experimental data
2° 8Pb(d,p)209Pb EX=1.57M«V
DWBA ( S+singlet+D)
exact
exact +proton Coulomb s/o
22
180120 150
Figure 4.5
of Knutson and Haeberli (Kn 75).
It'is observed that the DWBA (S + singlet + D) calculation has a 
very small effect on the differential cross-section, ns noted by Harvey 
and Johnson (Ha 74). However, coupling to the singlet channel does 
cause appreciable effects on the fit to the analyzing power data. The 
singlet channel contribution resembles both a vector and a tensor force 
in the deuteron channel (see section 3.6), and hence will affect both 
the (i T ll) analyzing power and the tensor (T , q = 0, 1, 2) analyzing 
powers. A comparison between the two transitions shows that the 
analyzing powers, i T X1 and T2Q, vary substantially in overall magnitude, 
with the consequence that the effect of the singlet coupling varies 
correspondingly. The vector analyzing power in Figure 4.7 is predicted 
to be small on the grounds that for a transition with = 0, the vector 
polarization arises from spin-orbit terms in the deuteron-nucieus and 
proton-nucleus potentials (Jo 62) which play a very small role in a 
sub-Coulomb reaction.
As the differential cross-section and i T ^  are insensitive to 
the D-state, further calculations are plotted in Figure 4.8 for the 
tensor analyzing powers corresponding to the 1.57 MeV transition.
The fit to these tensor analyzing powers was previously analysed in 
terms of the D2 parameter by Knutson and Haeberli (Kn 75). Here D2 
was taken to be 0.432 fm2 (Kn 75, best fit) and 0.484 fm2 (Re 68). By 
comparing with Figure 4.6, D2 = 0.524 fm2, it is clearly seen that the 
effect of singlet coupling is greater than the uncertainties in varying 
D2. It should be noted that the quantitative effect of the singlet 
coupling remains unchanged in the two calculations since it merely 
modifies the S-state contribution, not the D-state.
Figure 4.9 illustrates the fit to the 1.57 MeV transition when 
the deuteron distorted wave is generated by a pure Coulomb potential.
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It is thus evident that the nuclear distortion, arising from the nuclear 
central terms, for the deuteron, plays a secondary role in describing 
the reaction process. The dashed line refers to the singlet exact 
calculation with the coupling generated by just the proton Coulomb 
spin-orbit interaction. The interesting aspect of this calculation 
is the fact, that no arbitrary parameters are involved in the deuteron 
channel. As expected the matching radius required for this calculation 
was. very large, and a compromise for computational reasons had to be 
made with the choice of 28 fm. Thus although the quantitative effect 
of this calculation is in doubt, it is clear that the qualitative.effect 
is the same as Figure 4.6.
All the calculations reported here, resulted in near zero tensor 
analyzing powers when neglecting the deuteron D-state.
4.6 Calculations for 90Zr(cl,p) 91Zr, = 5.55 MeV
The ground state Q-value of 5 MeV for this reaction is quite 
large. This means that the outgoing protons leave with energies well 
above the Coulomb barrier, and hence the reaction is quite sensitive 
to the nuclear interactions.
The DWBA (S + D) state calculations (full line) and DWBA 
(S + singlet + D) calculations (dashed line) for the transitions leading 
to the 1.20 MeV, j77 = |+state, and the 2.04 MeV, j77 = .|.+state are 
plotted, respectively, in Figures 4.10 and 4.11. Although the agreement 
with experiment is rather poor compared to the 208Pb(cl,p) 209Pb reaction, 
no attempt was made to improve the fit. However, it is immediately 
apparent, that in general the effect of coupling to the singlet channel 
is smaller compared to the 208Pb(d,p) 209Pb reaction. The particular 
features of the 90Zr(3,p) 91Zr reaction compared to that of 208Pb(d,p) 
209Pb, bearing singlet coupling in mind, are
i) the coupling term has a smaller isospin dependence, eq.(4.18),
9°
Zr
(c
F,
p)
91Z
r 
Ex
=1
.2
0M
eV
f  M £ H
I— © — ! VD
CM
CM
E
U
o
co
O
(M
o
\D
O
Figure 4.10
—*©“I
cm
CMCM
O
CD
O
CM
O
O
Lm
M
*—
o\
CL
CO
CM
vO
CM
Figure 4.11
0
c
.
m
and ii) the singlet deuteron has an energy of 2.2155 MeV, which 
is considerably further below the Coulomb barrier height 
of 5.7 MeV, i.e. the probability of the*singlet deuteron 
penetrating the barrier is greatly reduced.
The*calculations illustrated in Figures 4.10 and 4.11 again 
resulted, as for 208Pb(cl,P) 209Pb, in near zero tensor analyzing powers 
when neglecting the deuteron D-state.
In concluding this chapter it is apparent that the main effect 
of the symmetric approximation (Ha 74) is to consistently over estimate 
the magnitude of the singlet wave function in the asymptotic region. 
However, the important differences between the symmetric approximation 
and singlet exact calculations lie around the region of the nuclear 
interior. For a sub-Coulomb reaction the effect of singlet coupling 
does not only rely on the isospin dependence of the coupling term, but 
also depends on the energy below the Coulomb barrier. For 208Pb(d,p) 
209Pb, = 9.0 MeV, the magnitude of the singlet channel effect is
greater than the uncertainties in varying D2.
The analysis so far has ignored the presence of possible tensor 
forces in the deuteron channel. The reactions discussed in this 
chapter will now be reconsidered by including a TR type tensor force.
CHAPTER 5 
TENSOR FORCE CALCULATIONS
It has been observed in Chapter 4 that if the ‘spin-orbit terms 
in the neutron and proton optical potentials are assumed to be different 
then a deuteron incident on a heavy nucleus can break up into a *S 
continuum state, as well as a 3S state without exciting the target.
These channels contribute amplitudes to the (d,p) transition matrix 
which have a rank-2 character. For a sub-Coulomb deuteron stripping 
reaction, this correction to standard DWBA theory gives rise to 
pronounced effects on the fit to the analyzing power data of Knutson et 
al (Kn 75; Kn 76) for the reaction 208Pb(d,p) 209Pb. Hence with this 
knowledge at hand it would be extremely interesting to examine the effect 
of a tensor potential in the deuteron channel using the formalism 
developed in Chapter 3. There, it was remarked that a tensor 
potential eq.(3.1) is expected in the deuteron-nucleus interaction as a 
result of the deuteron D-state. Stamp (St 70) has shown that a T^ 
tensor potential eq.(3.2) arises from the nucleon-nucleus spin-orbit 
potentials when taken to second order. This potential is expected to 
be small compared to the TR, and will be neglected in this work.
Similarly a Tp term, eq.(3.3) proposed by Ioannides and Johnson (Io 76) 
resulting as a consequence of the Pauli Exclusion Principle on the 
deuteron D-state wave function in nuclear matter will also be neglected, 
since this term is likely to be small for a sub-Coulomb reaction.
5.1 The Adiabatic TR
In Chapter 2 it was found that by utilizing certain approximations, 
the exact effective threebody deuteron potential, eq.(2.49), could be 
transformed into a potential having characteristics similar to the 
adiabatic model, section 2.3.2. In this chapter, attention will be
restricted to consider only the triplet states of the neutron-proton 
system. By using the definition of x> eq.(2.24); the numerator and 
denominator on -the right hand side can be multiplied by the inner 
product «f>d |F> to give
<R|x> = • (5.1)
<(f*j I v I (Pj>Yd 1 np1Yd
Eq. (2.3) may then be utilized to yield 
(E + ed - Kr) x (R)
“ <^dlVnp{Vn (?-r/2) + V ? +?/25}l'l'>
^ d l Vn p l V
+ ^ l y y ^  • <5 -2>
<V iVn i J V
If it is assumed that within the range of V
np
i|»(r,R) -  cf»d (r)x (R )  , (5.3)
then the second term in eq. (5.2) can be neglected, since
V V  ■ -cd i v  • C5 -1')
giving
V(R) = <4-d lVn2{Vn t l? - r / 2 ^  +Vp t l? +y 2 l ) } I V  '
^ d l Vn p l V : C5 -5)
This is the reformulated adiabatic potential of Johnson and Tandy (Jo 74) 
which is similar in spirit to the triplet channel potential, eq. (2.85).
The deuteron internal wave function 4>d (r) including the D-state 
can be written as (Hu 58)
with
A A
S (r) = 3(a .r)(a .r) -1, 
np ./ _p J  ~n J  *
(5.7)
and
(u2(r)+w2(r)}dr = 1 
' 0
(5.8)
In eq.(5.7) ctr  and are the usual Pauli spin matrices for the neutron
and proton respectively. It is noted that in ea.(5.5) V appears as
-from
the product-V <1)^, and thus £©**» eqs. (5.4) and (5.6):
v 0 Cr) = R2 d2 +2 a -£d u(r) ,
2 y
dr2 r dr r (5.9)
and similarly
v2(r) = [h2 'd2 + 2 d -6 ' "ed w(r) . (5.10)
2 M dr2 r d r r2 r
If it is supposed that the nucleon-nucleus potential taken to be 
of the form (Be 69)
vi(ri) = V f(rt) + i W gCrp, (5.11)
where the subscript i = n, p, and
f(r..) = (l+ex)_1 , x
g(r.) = -4a df , x
dr.
i
(r. - r A 3) /a , •v l o J * o’
(i\ - r' A 3)/a', (5.12)
eqs.(5.6) and eqs.(5.9) to (5.12) may then be used in eq.(5.5) to obtain
V(R) = 2V'/(R) + i2WU(R), (5.13)
where
Y(R) = 1
4ttD , 
np' I
for the real part and, 
U(R) = 1
v + v0 S (r) o _2_ np _
^8
u + w S (r)
A
f(ri)dr ,
(5.14)
4irDnp v
f
Af1 vft + v„ S (r) o 2 .np v u  +  «. snp(r)
r2 - VE I ^  J
g(ri)dr ,
(5.15)
for the imaginary part. in eqs. (5.14) and (5.15) is defined to
be
(5.16)
The product of the round brackets in eq.(5.14) may be expressed as
D = «f>, V U,> . np . d 1 np,Yd
v + v0 S (r) o _2 npv,/
A
u + w S (r) —  npv7
J8
= V u + V0W +
f *
u - w v_ + wv
o 2 — 2 o
72
S (r) np\ ;
/8
(5.17)
by using the following identity (Br 62) 
(a.a)(b.cr) = (a.b) +ia.(a/,b) . (5.18)
The first two terms in eq.(5.17) give -a central potential, i.e.
V C(R) = 1 dr I (V0U + V2W  ^£ r^i^
4ttD 1 2  np j rA
(5.19)
with a corresponding expression f o r U c(R). The rest of the terms 
contained within the square bracket give a tensorial potential:
and similarly for Up(R). It is immediately apparent thatY-p(R) andld^,(R) 
only exist as a consequence of the deuteron D-state (Sa 60).
If the relation
dr = -r2dr d(cos0) d<j>, (5.21)
is used, where 0 is the angle between r and R and <f> is the azithmuthal 
angle of r about R, then
r.2 = R2 + r2- Rr cos 0. 
1 4
(5.22)
It is readily noted that only Snp(r) depends on <f>, thus
1
2tr
2 TT A A A
Snp(r) ^  = 3(a...R) (ap .R) cos20
+ _3 sin20 
2 [1 - -1
= {3(an .R)(op .R) -1} P2(cos0) (5.23)
With S = 2 (an + a ),"and.using eq.(5.18), eq. (5.23) may be written as
r 2ir
1
2tt
S (r)d <p 
npv^ ' Y
= 6{ (S .R) 2 - 2} P?(cos0) 
3
(5.24)
This gives the final form of eq. (5.20) to be'
V t (R) = F(R) {(S .R)2 - 2} , 
~ ~ 3
(5.25)
and the imaginary part as
U t (R) = G(R){(S.R)2 - 2} .
~ ~ 3
(5.26)
Thus a Tr type tensor potential,eq.(3.1), has been derived where the 
formfactors are given by
F(R) =
V8D
A
dr f o p
np o -1 LI
u-w
h
V_4-WV
2 * o P2(n) dy.
(5.27)
and
G(R) = 5 dr
fl
gO^)
np yo -1
u-w v -+wv 2 o
(5.28)
with y = cos©.
Throughout this derivation, it has been implicitly assumed that 
only the presence of the nuclear central terms in the nucleon-nucleus
r \ .
interaction, eq.(5.11), are required in order to derive eqs. (5.25) 
and (5.26). In fact there is no real reason for excluding the proton 
Coulomb potential from the analysis, which would correspondingly give 
rise to a Coulomb potential (Ra 64). Knutson and Haeberli (Kn 75a) 
have studied this potential, and have shown that the effect on the 
analyzing powers for deuteron elastic scattering is small because the 
potential is very weak. The main interest in this chapter is directed 
towards what are the predictions of including a T^ potential in a , 
sub-Coulomb stripping reaction when it is generated by c
a) an adiabatic model, explicitly given by eqs. (5.25) 
and (5.26),
and b) a Watanabe model, defined by eq.(2.60). .
Thus it is reasonable to neglect this Coulomb T^ term in a first 
approximation.
5.2 Comparison with Watanabe
Using a TD tensor force in the analysis of deuteron elastic 
scattering polarization data has led to vary^degrees of success.
The most promising fit to the data recently obtained seems to be that 
of a ’hybrid* model, where the central and spin-orbit terms in the
deuteron optical potential are phenomenologically derived by fitting the
differential cross-section and iT .; a TD tensor term is then added which
11 K
is calculated via the Watanabe model. Knutson and Haeberli (Kn 75a) 
have shown this approach to be successful at sub-Coulomb energies, but 
not for energies above the Coulomb barrier; although recent work by 
Karban et al (Ka 76) suggests that the ’hybrid1 model can indeed be 
utilized to give a good fit at higher energies.
To employ the same method in a deuteron stripping reaction would 
be unreasonable, since it was pointed out in section 2.3.1 that the 
Watanabe model neglects break-up effects. Thus it would be very 
intriguing to investigate the differences in the T potential when it 
does include breakrup effects. The basic difference between the Watanabe 
potential eq.(2.60) and the adiabatic potential eq.(5.5), is that the 
latter has an extra constraint in that it is averaged over the range of 
the neutron-proton interaction. Since this interaction falls to zero 
quicker than the nucleon-nucleus interaction, the adiabatic central 
potential will have a geometry differing to that of the Watanabe. This 
is the most significant aspect for a stripping calculation (Ha 71).
So therefore what are the corresponding consequences for the TD 
potential? To answer this, consider eq.(5.11) which may be expressed 
in the following manner
V n t l R - r ^ l )  + VpClR+r /^ )  = V ( | R - r / 2 |)  + V( |R+r / 2 |3.  (5 .29)
By writing
A A |
|R±r/ | = Rfl+rfr I2 ±fr) (r.R)ll5 , (5.30)
I LM LrJ — JJ
then for sufficiently heavy nuclei, where r/^ «  1, eq.(5.30) can be 
expanded by the binomial theorem to give
up to second order in r. A Taylors expansion for eq.(5.29) about r 
may be utilized such that
A. '
')% '
= 0
V(R+6+) = V(R)+S+ 3V + § V  + °C63) +••••>
- 3R
2,3R2
(5.32)
where is defined by the curly bracket in eq.(5.31). After some 
manipulation it is then possible to write eq.(5.29) in the form (Ke 73)
V(|R-r/2 | + V (|R+r/1): J 2
|2V(R)+r 2
12
'l d R2dV
R2 dR dR\ J
p0 (r.R)
R d 
dR \ ~ ~ wR dRjj
p2(r.R) (5.33)
By inserting this expression into eq.(5.5) and using the same 
steps as before, when leading up to eqs. (5.27) and (5.28) gives
= 2V(R) + 1 I d R2 dV 1 i
' 12
R2
dR dR J Dnp ,
dr r2(vQu+v2w)
+ 1 R d fl dV- 3
2
dr r
* " 
u-w v_+wv
6 dR [R dR D v^8  ^ V
2 o
(P2^)Jdp{(S.R) 2 -I)
(5.34)
-1
Here, it is observed that the central parts of V(R), both real
and imaginary, are predominantly of the same form as V(R) with a slight 
modification by the contribution from the integral contained in the 
second term. * The third term is then immediately recognised to be the 
TD tensor potential, whose formfactor is given by the second derivative 
contained in the square brackets.
Further, if the Watanabe model had been used to generate V(R), 
eq.(2.60), the analogous equations to eqs. (5.20) and (5.27) would be 
(Ra 64; Ke 73)
.Wat rHII
•
dr 1 u-w
4ir
' 4
i 1X1
1 
-b
k &
w S (r) f (r.) , 
—  np * v ’
V2
(5.35)
F Wat(R)
J2
dr f(r
-1
i) / u-w \w P2(y) dy. (5.36)
and similarly for the" imaginary parts, giving the result corresponding 
to the third term ir-eq.(5.34) to be
1 *R d 'l dV 3 dr r2 u-w w
6 dR R dR
^ J Nl
 
1
*
4
A
-1
P22(y) dy
{<?•?>* - | } (5.37)
It is immediately apparent, from eqs. (5.34) and (5.37), that both the 
adiabatic and Watanabe TR will have the same shape, but will differ in 
magnitude due to the integral in r. If the dominant part of these 
integrals is considered, then a comparison between the two reduces to 
an evaluation of
<V | r 2 |w> o 1. 1
<V |u> o 1
(5.38)
where V  = vfr) etc., for the adiabatic TD, and finally
O O K
r
<U|-r2 |w> , ' (5.39)
<u|u> -
for the .Watanabe Tr . Expressing eqs. (5.38) and (5.39) in terms of a 
ratio enables the relative magnitudes to be deduced, such that
Watanabe TR - 10 to 20 (5.40)
Adiabatic TR
as calculated in Appendix E. Thus the consequence of the additional
averaging over the neutron-proton interaction in eq.(5.5) for the
adiabatic T '  gives a tensor TD potential which is considerably smaller K K
in magnitude compared to the Watanabe Tr *
With this simple estimation in mind, a computer code was 
developed to solve eqs. (5.27), (5.28) and (5.36) exactly. This code 
has been checked with the work of Keaton and Armstrong (Ke 73) and 
Ioannides (Io 77). The parameters for the nucleon formfactors eq.(5.12) 
were taken from the work of Becchetti and Greenlees (Be 69) corresponding 
to the parameter set used in Table 4.1. Other calculational details 
referring to the deuteron internal wave function appear in Appendix E; 
the parameters corresponded to p = 1.704, = 4% with sin e = 0.02928.
Figure 5.1 shows the exact results for 208Pb. It is quite clear, as 
expected, that the adiabatic TR has the same shape as the Watanabe TR , 
but differs quite substantially in magnitude. Similar results were 
obtained for 90Zr.
5.3 Basic Details
As remarked earlier, it would be interesting to investigate
further the consequences of including an adiabatic or Watanabe TD inK
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Figure 5.1
the deuteron channel for the sub-Coulomb stripping reactions discussed 
in Chapter 4. The use of the Watanabe TR in this instance has already 
been questioned. However, another query is that the approximations 
used to derive the adiabatic prescription, (i.e. break-up energies 
are negligible compared to the centre of mass energy) are not expected 
to be reliable for the low deuteron incident energies encountered in 
this type of reaction. Nevertheless, it may be argued that this is a 
better starting point for a theoretical study, rather than by varying 
the parameters of the TR tensor potential in an arbitrary manner.
To carry out this plan of action, required substantial 
modification of the DWCODE (Ha 70a), section 4.2■, using the formalism 
developed in Chapter 3. Similar to section 4.1.1. the coupled deuteron 
radial Schrodinger equation eq.(3.11), with just the TR tensor potential 
present, was solved using the modified Numerov method (Me 66) as 
explained in Appendix B. The numerical solutions and are
then given as linear combinations of the actual solutions, such that (Ra 64)
(1) .V  = 31 x* * + bl x
&1 X£1Jl1+2 ^ bl X5,x+2 A2+2 ,
= 32 X*l*l + b 2  V 2 tl ,
(2)
b2 V  V 2   ^ (5>41)
By utilizing the asymptotic form eq.(3.14) and the Wronskian relationship 
eq.(4.4); eq.(5.41) may be solved in the following manner:
which
where
given
CD
i°& i
W! = W C -G ^-iF^ , x£>1 ) = e
CD
±°ll+2
W2 = w C-G£i+2 -iF£1+2 > xJlj+2^  " bl 6
W 3 = WC-G. TiF , X / 2)) = a2 e
*1 *1 l
i V
C2)
ia£l+2 ,
-  w C-G£i+2 “iFAi+2 * Xjll+2) *>2 e C5.42)
gives
ffi - » c F* x « ) .
Ji jj
= Wl + Wz Cjl1+2
i ri 'j 'D *D
W2 = W F^J2,1+2> X^!+2} = Wl CJl1£i+2+W2 S.i+2 £x+2
C2) Jl Jl
w 3 - w c f Ai, xi/) = w 3 CjliAi + w, c
,C2) Jl
w 3 - W(?il+2> xa1+2^  ~ Ws ^lil 1+2 + WlfCil1+2 l2+2> C5.43)
Jl = C,'l\l\+2 &i+2 l\ C5.44)
The complete TD tensor potential needed for a calculation is K
by
2V F(R)- + i 2W G(R) CS.R)2 - 2\ , C5.45)
using eqs.{5.13) , (5.25) and (5.26). To facilitate the handling of
the various formfactors corresponding to that of the adiabatic or Watanabe,
as shown in Figure 5.1, the DW CODE uses the following description, as
noted by eq.(5.34):
' Ri.e. 2V F(R) = VR.
m c,
‘ IT
and
R2W G(R) = WR
m c■ 7T •
2 R d_ 1^ d_ £(R), (5.46a)
dR R dR
2 R gCR), (5.46b)
dR R dR
where f(R) and g(R) are defined by the functional forms in eq.(5.12). 
Keaton and Armstrong (Ke 73) have shown this description to be a good 
approximation to the radial dependence of the exact folding model TR .
The nucleon-nucleus potential depths V and W were taken from the work of 
Becchetti and Greenlees (Be 69) evaluated at one half of the deuteron 
energy. The parameters on the right hand side of eq.(5.46) were then 
adjusted using a least squares fitting routine (Po 77) to match as 
closely as possible the exact calculations appearing on the left hand side 
Table 5.1 shows the resulting parameters for 208Pb and 90Zr. These 
parameters were then fed into the DW CODE together with those from 
Table 4.1. Strictly speaking the nuclear central and spin-orbit 
potentials should have been calculated via the adiabatic or Watanabe 
model. However, as in Chapter 4, this inconsistency should cause no 
particular worries for a sub-Coulomb reaction.
Unfortunately no reliable DWBA calculations have as yet been 
made which include both the deuteron D-state and a tensor T potential 
for a deuteron stripping reaction, since an error in the original work 
of Delic and Robson (De 70) was only discovered quite recently (De 74). 
They point out that although their calculations are quantitatively 
wrong concerning the effect of the D-state plus TD contribution, their 
conclusions in a qualitative sense remain unchanged. The modified 
DW CODE was thus run for the reaction 52Cr(d,p) 53Cr, E^ =8. 0  MeV for 
the' ground state transition using the same parameters and T
R
formfactor as Delic and Robson (De 70). This being the closest check
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available. Complete quantitative agreement was found for the S and 
S + Td calculations, and qualitative agreement was obtained for the 
S + D + calculation.
In the next two sections, results are presented for the reactions 
discussed in Chapter 4.
5.4 Calculations for 208Pb(ct,p) 209Pb, = 9.0 MeV
In section 4.5 it was observed that quite a reasonable fit to 
experiment was obtained from just a standard DWBA (S + D) calculation. 
This suggests that the experimental data requires the tensor 
potential to play a very small role. Consider Figures 5.2 and 5.3, 
representing the same transitions as discussed previously in section 4.5 
Here the theoretical curves correspond to
i) DWBA (S + D) calculation (full line)
and ii) DWBA (S + D + T^) calculation
adiabatic (dashed line) 
Watanabe (dash-dot line).
The differences from including an adiabatic or Watanabe T are quite 
striking. The adiabatic T^ has a very small effect for both 
transitions, whereas the Watanabe T^ produces quite dramatic changes 
which are detrimental to the fit to experiment. The most pronounced 
change occurs in the vector analyzing power (iTn). This is in 
disagreement with the work of Johnson (Jo 62) which states that the 
vector polarization for a transition with &n=0, Figure 5.3, should 
arise purely from the spin-orbit terms in the deuteron-nucleus and 
proton-nucleus potentials. It should be noted that this was based on 
perturbation theory, on the understanding that the spin-dependent 
distortion was weak compared to the central distortion. This is not 
strictly the case here since, as the reaction is sub-Coulomb, the 
deuteron does not penetrate far into the nucleus, and thus it is the
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’edge1 of the nucleus which is most important. The relative magnitudes
(real parts) of the deuteron central, spin-orbit, and TR (adiabatic and
Watanabe) potentials are plotted in Figure 5.4. It is quite evident
that the larger range of the Watanabe TR makes, it comparable in magnitude
at the nuclear ’edge’ to the central potential and thus cannot be treated
as a perturbation. On the other hand, the spin-orbit and adiabatic TR
potentials are considerably weaker, and can thus be treated as a
perturbation. Hence the adiabatic TR does not affect the vector
analyzing powers. This is in agreement with the TD tensor potentials ' K
used by Delic and Robson (De 69, De 70), where their TR had the same 
formfactor as the spin-orbit potential, but was smaller in strength.
5.5 Calculations for 90Zr(cf,p) 91Zr, = 5.5 MeV
The transitions studied in section 4.6 were found to be 
reasonably insensitive to singlet break-up effects, primarily because 
of the low deuteron incident energy involved. Likewise the effect of 
a TR tensor potential is also small, Figures 5.5 and 5.6. Again when 
including a Watanabe TR (dash-dot line), reasonable changes occur for 
the 1.2 MeV transition, and slightly smaller changes occur for the
2.04 MeV transition. The latter transition is more nearer to being 
a sub-Coulomb reaction, and as-such the deuteron with its low incident 
energy does not feel the TR potential so much, since-the neutron is 
captured further away from the nucleus. For the reasons outlined in 
the previous section the Watanabe TR again affects the vector analyzing 
power, although it is not so dramatic in this case. The adiabatic TD 
calculation produced no significant changes to the DWBA (S + D) calculation.
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It is apparent that for the sub-Coulomb stripping reactions 
discussed in this thesis, there is some insensitivity to the T 
tensor potential. The use of the Watanabe T , which produces the 
biggest effect, is inconsistent for a stripping reaction calculation 
since it does not include break-up effects. However, the adiabatic 
appears a better choice, although its validity of use (apart from 
any justification arising from the fact that it gives a good fit to 
experiment) has not been defended on a theoretical basis. Of the 
reactions considered, it would appear that 90Zr (cf,p) 91Zr,
= 5.5 MeV is the least sensitive to the inclusion of a tensor 
potential.
CHAPTER 6 
SUMMARY AND CONCLUSIONS
The work described in this thesis has been concerned with 
polarization effects in deuteron sub-Coulomb stripping reactions.
Agreement was found with Brown et al (Br 71), and Knutson et al (Kn 73) 
that the inclusion of the deuteron D-state is crucial for an understanding 
of the theoretical fit to the experimental tensor analyzing powers. 
Attention has been focussed on the proposal of Knutson and Haeberli 
(Kn 75) who suggested that deuteron sub-Coulomb stripping reactions 
could be used as a method to obtain quantitative information about the 
deuteron D-state. To elucidate the question of how well suited are 
these experiments for this purpose, two uncertainties in determining 
the amount of D-state effect, i.e. the D2 parameter of Johnson and 
Santos (Jo 71), have been considered:
i) the singlet deuteron break-up channel
and ii) a tensor T^ force in the deuteron channel.
The first stage of this thesis developed an exact three-body
model for the deuteron which included coupling to the singlet channel.
The utility of the model rested on the fact that all three-body 
effects were contained exactly within the deuteron potential.
Approximations were then illustrated whereby under certain conditions 
the three-body model reduced to
a) the Watanabe model (Wa 58), 
and b) a striking resemblance to the work of Harvey and Johnson (Ha 74). 
The criticism of approximation a) was that break-up effects were 
neglected and the region of validity was confined to a large deuteron- 
nucleus separation. In b) an adiabatic type of approach meant that all 
the approximations were made at roughly the same point in the derivation;
the criticism being that any implications arising were unclear. The 
important conclusion is that it would appear feasible to approximate the 
exact three-body deuteron potential into a calculable form. The nature 
of the approximations given in this thesis could give guidelines to an 
alternative approach for future development. The concern of this thesis, 
being deuteron sub-Coulomb stripping reactions, suggests that this could 
be a possible area of employment for such a model, providing suitable 
approximations are utilized with regard to this energy region. For 
example in Chapters 4 and 5, it has been observed that the deuteron 
optical potential gives a bad fit to the experimental data for the reaction 
90Zr (d,p) 91Zr, E^ = 5.5 MeV. Knutson (Kn 76) has tried varying the 
parameters of the deuteron optical potential for this reaction, but did 
not succeed in obtaining the dramatic change required. Work at higher 
energies (Ha 71; Wa 76) has suggested that a three-body model, which 
includes break-up effects, can produce remarkable improvements over an 
ordinary optical model calculation. Thus a suitable three-body model 
could possibly provide the required improvement in fit for this particular 
case.
It has been noted from energy considerations that the coupling to 
the deuteron singlet channel for a sub-Coulomb reaction, should be 
calculated in an exact manner taking into account the correct energy 
asymmetry appearing in the singlet partial wave Schrodinger Equation.
This means that the energy available to the singlet channel is smaller 
compared to that for the triplet channel. The original symmetric 
approximation of Harvey and Johnson (Ha 74) ignored this energy difference. 
A comparison between the singlet exact and symmetric approximations 
calculation revealed that the latter consistently over estimated the 
singlet partial wave magnitudes in the asymptotic region. Although 
this was also basically true for the region of the nuclear interior,
there were exceptions where the symmetric approximation under estimated 
the magnitude of the dominant singlet partial waves. It transpired 
that on performing a full calculation for 208Pb (d,p) 209Pb, = 9.0 MeV,
and 90Zr (d,P) 91Zr, E^ = 5.5 MeV, both the singlet exact and symmetric 
approximation calculation agreed on the over-all final result. From 
this it must be concluded that the region of the nuclear interior is 
more important for the singlet deuteron than the asymptotic region.
The variation of the ’resonant* energy eQ gave further proof of this.
In fact the effect of singlet coupling was insensitive to reasonable 
values of eQ. This is of importance, since strictly speaking within 
the framework of the adiabatic approximation the choice of any low 
energy scattering state would be equally viable for e ■. Thus this 
ambiguity is insignificant in the final calculation.
Turning now to the consequence of singlet coupling, it is 
evident that a) the Coulomb barrier, and b) the nucleon-nucleus spin- 
orbit isospin difference play an important role. The latter feature 
was also observed by Harvey and Johnson (Ha 74) . The reactions considered 
in this thesis, although both sub-Coulomb, differed in the following 
respects:
2°8pb 90Zr
MeV
Coulomb barrier height 10.4 5.7
Triplet deuteron energy 9 5.5
Singlet deuteron energy 6.7 2.2
Spin-orbit isospin difference 0.74 0.39
Consider 90Zr: it is observed that the singlet deuteron is considerably
further below the Coulomb barrier compared to that of the 208Pb case.
Thus the chances of the singlet deuteron being able to penetrate through 
to the nucleus are greatly reduced. It has been remarked that it is the
region of the nuclear interior which is the most important for.singlet 
effects. Thus together with this consideration, and the small isospin 
dependence appearing in the coupling potential, the effect of singlet 
coupling is generally small for 90Zr (ct,p) 91Zr. In the 208Pb case, 
the singlet deuteron is a) higher up the Coulomb barrier, and b) the 
isospin dependence in the coupling potential is larger. This therefore 
leads to a bigger effect which in fact is larger than the variations 
associated with the range of values used by Knutson and Haeberli 
(Kn 75). .Thus on this basis, it is to be concluded that providing the 
discrepancy in the deuteron optical potential is removed, (as suggested 
earlier by using a suitable three-body model), the reaction 90Zr (cl,p) 
91Zr seems a better choice for studying the deuteron D-state.
In chapter 5, another uncertainty in the determination of D2 
by this method was investigated. Namely, the existence of a T^ tensor 
potential in the deuteron channel. An interesting consequence was 
found, when comparing the Watanabe T^ to the T^ generated by the 
reformulated adiabatic theory of Johnson and Tandy (Jo 74). It 
transpired that the adiabatic T^ was considerably smaller compared to 
the Watanabe T^. This resulted from the additional averaging over the 
neutron-proton interaction for the adiabatic TR . The importance of 
this conclusion is the implication, without the need to perform lengthy 
computer calculations, that the adiabatic T^ will have a smaller 
effect compared to the Watanabe T^. An exact analysis revealed that 
the adiabatic TR had the same shape as the Watanabe T^, and as such 
the form factors of Keaton and Armstrong (Ke 73) were applicable.
A full DWBA (S+D) calculation has shown that for 208Pb (J,P)
209Pb quite a reasonable fit to experiment is obtained. This is in 
agreement with Knutson (Kn 75; Kn 76). Hence, this suggests that a 
T^ tensor potential will be required to play a very small role. The
adiabatic TD was found to agree adequately with this picture. However, 
on the other hand, the Watanabe produced a larger effect, especially
to the vector analyzing power. This was explained'in terms that the
Watanabe T^, for this reaction, was not weak enough to be treated as a 
perturbation (Jo 62), since at the region of the nuclear 'edge' its 
magnitude was comparable to the central potential. For 90Zr (cf,p)
91Zr, the same results were found to apply, although in this case, the 
effects of both T^’s were considerably smaller. Again it must be 
concluded, that 90Zr (cl,P) 91Zr is the least sensitive to the T^ tensor 
potential and is a better choice for studying
Strictly speaking, the Watanabe T^ should not be inserted into 
this calculation as it ignores break-up effects. The applicability 
of the adiabatic T^ is also queried, since the approximations used to 
generate the adiabatic prescription (that break-up energies are 
negligible) are not expected to be reliable for this energy region.
To theoretically justify the use of the adiabatic T^ (apart from this
phenomenological usage) requires the need, as discussed earlier, to
develop further the three-body model of Chapter 2. If suitable 
approximations are made, then the T^ tensor potential generated from 
this model could throw some light on how near to the truth is the 
adiabatic T^.
To sum up, it does seem feasible to use deuteron sub-Coulomb 
stripping reactions to determine the parameter D2 , providing the 
following guidelines are obeyed:
i) the deuteron energy is low, 
and ii) the Coulomb barrier is small.
Thus a suggestion for 208Pb (cl,p) 209Pb would be to repeat this reaction 
with a lower deuteron incident energy (i.e. less than 9 MeV). The
reaction 90Zr (cl,p) 91Zr, E^ = 5.5 MeV seems the best suited, especially
transitions to the states E = 2.04 MeV j77 = ^  and E = 2.56 MeV
X Z X
j71 = -i-+ (Kn 76) or to higher states (He 61) , since the neutron is 
captured further away from the nucleus with the consequence that the 
outgoing proton energy is lowered. However, the usefulness of this 
conclusion'requires more theoretical work to develop a suitable three-body 
model. This is an important issue, since these type of experiments 
provide a novel method of confirming or not, values of D2 obtained from 
conventional theoretical calculations. Of note, is the recent work of 
Kermode et al (Ke 76) which suggests that the quadrupole moment of the 
deuteron is sensitive to the non-locality in- the neutron-proton interaction
In fact Kermode (Ke 77) has found that a non-local analysis of the
- ~ close
phase parameters using a Reid model gives a parameter d&es to
that obtained from a Reid potential. Thus a suitable deuteron sub-
Coulomb stripping reaction would either give a powerful verification of
this result, or a further insight into the nature of the deuteron.
APPENDIX A
STANDARD FORMULAE
Symmetry Properties of Clebsch-Gordon Coefficients:
j +j -j
(j-j nr,. j m |jm) = (-) 1 2 (j2 m^, mj'jm)
j -j+m .
= (-) 1 2 m )
; - . •
j -j-m A
= C-) 2 1 j '(j -m ,jm|j m )
 . 1 1  2 2
A
ja
j +j "j
= ( - )  1 2 ' ( j  -m , j  -m !j-m)
1 1 2  2
Composition relation for the spherical harmonics: 
r m m m *
' 11 2 3
l a. a
= (4ir)”2il H (£ m ,£ m lit m ) (& 0,£ 0|& 0) 
1 2  1 1  2 2  3 3  1 2 3
I
3
Racah Coefficients:
Sum rule:
W(a b c d ; e f) = C(2g+l)W(g a b f ; d c
g
x W ( g d b e ; a c ) .
Symmetry:
W(a b c d ; e f) = W(b. a d c;e f) = W(c d a b;e f) 
= W(a c b d;f e) etc.
(A.l)
(A. 2)
(A. 3) 
(A. 4)
(A.5)
(A. 6) 
(A.7J
_ £_^b-c e e £ d;b c) etc. (A. 8)
Contraction relation in terms of Clebsch-Gordon Coefficients
W(a b c d;e f) (c y, a cx |f-4>) = £ (-)
86e
f-e-a-6
(2e+l)
x (a a,b 3.|e e) (d 6,c y|e-e) (b 3,d 6 [f (A.9)
9 - j Symbol: 
Symmetry:
J J J
1 2 3
J J J
k 5 6
J J J
7 8 9
R ri) multiplied by (-) , where R = i J., in the exchange of two lines
i=l x
or two columns;
ii) invariant in a reflection through one of the diagonals.
Contraction Relation in terms of Clebsch-Gordon Coefficients:
APPENDIX B
The modified Numerov method applied to coupled equations 
Consider first, a second order uncoupled differential equation
y" = f(x)y . (B.i)
The Cowell method (Co 10; Ma 38) is based on the following relation
between a function and its second derivative at three equidistant points
£(x+h) = y(x+h)-h2 y" (x+h)
. 12 .■ ” ,
= 2y(x) +5 h2yM (x)-y(x-h)+h2yn(x-h). (B.2)
6 12
The function at the points x-h and x completely defines the solution;
the algorithm gives £(x+h) from which
y(x+h) = g(x+h)
{1 - £(x+h)} CB,?3,
The Numerov method (Nu 24) uses exactly the same relation but does not
evaluate the function y at any point, and considers only the algorithm
■ C  •• •
for £(x+h) given by
£(x+h) = 2£(x) - £(x-h) + u(x) , (B.4)
where
u(x) = h2yM (x)
-  h2f(x) 5 W
{ l - ^ - f ( x ) }  (B.5)
The modified Numerov method (Me 66) replaces the division in eq.(B.5) 
by the expansion of the denominator, i.e.
u(x) = h2f(x) {l+jj f(x))C(x). (B.6)
The function y(x) can then be obtained by
y(x) = £(x) + u(x) , (B.7)
12
or by
y(x) = 1 {£(x+h) + 10g(x) + g(x-h)}. (B.8)
12
Applying the Numerov method to an inhomogeneous equation (Ra 71) of the 
form
y"(x) = f(x) y(x) + w(x) (B.9)
gives the definition of ?(x) to be
g(x) = {1-J2 f(x)}y(x), (B.10)
and the algorithm becomes
h2
g(x+h) = 2g(x) + u(x) + yj {w(x+h) + 10w(x) + w(x-h) }
(B.11)
with u(x) defined by eqs.(B.5) and (B.6).
From eqs.(3.11) and (4.2) it is observed that the coupled 
equations have the form
y" = f(x)y + g(x)y 
and y" = f(x)y + g(x)y . (B.12)
Using eq.(B.9) and defining
w(x) = g(x)y and w(x) = g(x)y, (B.13)
gives the corresponding algorithms to be
5(x+h) = 2£(x) - £(x-h) + u(x) + hf_ {g(x+h)y(x+h)
12
10g(x)y(x) + g(x-h)y(x-h)}, (B.14a)
and
E, (x+h) = 2£(x ) - £(x-h) + u(x) + h2 {g(x+h)y(x+h)
12
+ 10g(x)y(x) + g(x-h)y(x-h)}. (B.14b)
By applying eqs.(B.6) and (B.10), then after some rearrangement, the 
following matrix equation may be obtained
F (x+h) G (x+h) V(x+h)'
G(x+h) F (x+h) a J(x+h),
3-0) *j(x) y(x)
i(x) , y w  .
F(x-li) G(x-h)' y (x-h)
G(x-h) F(x-h) .y (x-h) ^ (B.15)
where
F(x±h) = {1 - h^ f(x±h)}, 
12
(B.16)
J(x) = {2 + 5h2f(x)}, 
6
(B.17)
G(x±h) = -h2g(x±h) , 
12
(B.18)
and \  (x) = 10h2g(x),
12
(B.19)
with similar expressions for F(x±h) and 3-(x)
Eq.(B.lS) can then be solved using the two initial sets of 
starting values:
y(0) = 0 
y(o) = o
y(h) = h 
y(h) = o
SET 1
yCo) = o , y(h) = 0 
y(0) = o , y(h) = h
SET 2. (B.20)
In Chapters 4 and 5 the numerical solutions corresponding to these 
two sets are denoted by the superscripts 1 and 2,
Cl) , (2) 
e.g. x and x •
APPENDIX C
Singlet Exact/Symmetric Approximation Partial Wave
Explanation
Harvey (Ha 70) established that in the symmetric approximation, 
the effect of singlet coupling on the triplet wave function x1 was 
negligible. This observation was verified in the exact calculation.
To explain why the magnitude of some singlet exact partial waves 
increased around the region of the nuclear interior and others decreased 
section 4.4.1; consider a zero-order perturbation, by ignoring the 
coupling to the triplet channel. Eq.(4.2) therefore becomes
X  ♦ * ,  £ ( r )  -  Ed] x j  *  C*p = 0 (C . la )
1 1 1 1 1
tKr + Vl £ Cri5 - (Ed'ed'eo ^  X-l t <rP  = I CV ’
1 11  11  ' 11
(C.lb)
giving
Xo n O  ) = -  __________ __1 AV(r )xJ o Cr ) .
1 1  1 V ^ o ^ - W ^  1 1 l 1
1 1 1
(C.2)
The coupling potential may be expressed as
AV(r ) = X 6 (C.3)
since it is surface peaked, eg.(4.7). (The proton Coulomb spin-orbit 
term will be ignored here.)
Utilizing the form of the outgoing wave Green's function (Ro 67) 
finally gives
Cr!} ■ [FJl1(n5k1ri) Hr)CnJVl)] ri * X'l
4  i = -I 
1 1 -x xl t t'i1 Fii rj4 r'r
‘ (C.4)
f + 1
Here F0 (n;k r ) is the regular Coulomb function and HJ- J is defined to
be
Ho+)(n;k r ) = G (n;k r ) + i F, (n;k r ), 
* 1 1  ■ * l l Xj1 1 1
(C.5)
where G (n;k r ) is the irregular Coulomb function.
2_ l 1
The value of the effective n, eq.(4.13), generating these 
Coulomb functions depends on the energy available in the singlet 
channel: i.e.
90 Zr
Symm. Approx 
Ed 
5.5
Exact
E,-e,-e d d o
2.2155
208pb
Symm. Approx 
Ed 
9
Exact 
d d o
6.7155
n 4
where e, = 2.2245 MeV and e =0.06 MeV. d o
It is these differences in n'which correlate with the way the Coulomb 
functions combine, corresponding to eq.(C.4) to give increases or 
decreases, as the case may be. This rough behaviour,
| H ^  (n;k r ) F (n;k r') | r z r 
X' 1 1 X’. 1 11 - - 1 - - 1 1
is plotted in the lower segments of Figures 4.1 and 4.2 for 208Pb and
90 Zr using mathematical tables for the Coulomb functions (Ab 65). The
value of r1 was found to correspond to 11 fm for 208Pb and 10 fm for 
1
90 Zr. This fits in with the following equation
r* = r A 3 + 7a , (C.6)
1 so so* K J
which can be taken to be a rough measure of the range of the nucleon- 
nucleus spin-orbit potential, i.e. the effective range of the coupling 
term.
It should be noted that this rough explanation is dependent on
i) that the coupling term is idealised to be a 6-function, 
ii) the step length used to calculate the Coulomb functions 
was quite large,
and iii) for ease of calculational purposes a forward recurrence
relationship was employed to generate F and G. instead
Xf A/
1 - 1
of a backward recurrence, which might introduce errors 
(Ab 65).
APPENDIX D
Estimation of proton Coulomb spin-orbit contribution
The singlet scattering state <j>R (t) appearing in eqs. (4.22) and 
(4.23) may.be expressed in the following manner (Ya 54)
<f>0(r) =
where
( 2 tt)
i6
eiH  + £Ck) Ieikr - e‘er CD.l)
f(k) = e sin6 = 1
k k cot<5-ik
(D.2)
is the scattering amplitude, and 6 the scattering phase shift. In 
eq.(D.l) 3 is the inverse of the range for the singlet potential, which 
is taken to be the same as that for the triplet (Ya 54).
If the zero-range approximation is assumed then
VnP = V T> - J U
(2ir) 2
(D.3)
where f^R is the zero-range scattering amplitude. This gives (Me 61),
V $°(r) = - 
np Yk V 5 6(r) fZR(k). (D.4)
Thus the contribution in eq.(4.23) reduces to
6(r) dk fZR(k) x0 «1>R Xq Ia v Ix ^
-e - e, 
o k
(D.5)
From eq.(4.8) the coupling potential may be expressed as
AV = - f R2 1
.2m2c2, 
v P J
Ze2& .o .. 
—  ~P ~P
CD.6)
The inner product in eq.(D.5) is then given by
- a. 'dr <f>°*(7) 1 (R+ir^iVr ' <X6l<Jp |xi1> , (D.7)
l R+H 3 ~P
where
a, =f fi 1
m c 
P '
Ze2,
r = R+|r , £
~P - 2~ ~P
-i r Vr , 
~P P
Now Vr = i Vn + V 
-p
and (R + £r)* v
R r
(i) (ii)
, . = | R , V n + | r , V  J  K r 2 „ . R 2 1
~P
(tiO (iv)
+ R - Vr + J r . VR.
(D.8)
(D.9)
Consider the second and third terms in eq.(D.9) 
Assuming <f>d to be a pure S-wave then
ii) gives zero because 4^00 = r 1_ 3<{>d ,
r ~—3r
• I f ,  Vr <f>d (r) = 0.
iii) gives zero because R * $^(r) = R « r 1_ 3^.
r 37"
and dr <J>£*(r) r a R 
|R+|r|3
and R A R = 0.
The remaining contribution to eq.(D.7) comes from the first and fourth 
terms of eq.CD.9) i.e.
<*£ x o i ' ^ K 1 v
= a. dr <j>°*(r) <f>d (r) [}R\ iVR + | r V  iVR]. <X0 k p |xi1> •
|R + |r|3
(D.10)
Taking <j>R (r) to be a pure S-wave then
dr <J>£*(r) <f>d (r) r - R F(R) , 
|R + |r |3
(D.11)
where
F (R) = 1 
R2^
dr <{>£*(r) <f>d Cr) r.R.
IR + iri-r 13
(D.12)
Inserting eq.(D.11) into eq.(D.10) gives
<*'£ xJ a v ^ 1 <fd>
II Q CS1
*
dr <f>°*(r) (j>d (r) R . iVR + 1 R . iVR r.Rj"
4 |R + |r|3 R2
•<x0 b p l xi1>- (D. 13)
The relationship
3 1
3R |R + £r|
|R + Jr|2
2RZ + r.R
2R|R + |t
(D.14)
may be utilized in eq.(D.13) to give
for R > size of the deuteron, and L = -R * iVR.
Using
(20
ik.r _ ~ ikr
e . . + fZR(k) e
r
i.e. the zero-range equivalent to eq.(D.l), where
£ZR('k-)
"r ' ik 0
(aQ is the singlet scattering length), and
2tt
i -ar 
e
the integral in r contained in eq.(D.15) becomes
i
dr 4>JJ*Cr) 4»d Cr). = a2 - a)-  /m 2 r 1r
tt o
C-L + ik) (a2+k2)
The integral required in eq. (D.5) is
die fZR(k)
c.a2.k2} (i +ik)(a2+k2)
Since a =-23.69 fm, then —  «  a and eq. (D.19) is given
v  O
(D.16)
(D.17)
CD.18)
CD.19)
approximately
- 4tt dk
Ca2+k2)(a2+k2)
-47r2(ao-a)
aa Caz-az) o v o J (D.20)
The information acquired may now be fed into eq.(D.5) to give
(8tt) (a -a) a2C—  -a) M a76 (r)
O aQ Lt
aa (a2-a2) ^ R3
o' o
(D.21)
By taking R = RCA 3 the radius due to a charged sphere and roughly 
evaluating the magnitude of the terms in the square brackets of 
eq.CD.21) gives
and
10~tf xo b <xo °^p 1 xx!> x* £or 208pb
10“5 xo L. X1 for 90Zr.
APPENDIX E
Watanabe/Adiabatic T Estimate
K
Consider the deuteron internal wave function of Hulth^n and 
Sugarawa (Hu 57) i.e.
U(r) = u(r) = N cos c e ar (1 - e ^r) , (E.l)
W(r) = w(r) = N sin e £  a (1 - e"^r)2 
r r
5(1 -e~yr) + 5(1 - e ,x) 
ttr (ar)2
2
(E.2)
H H H H
where M M  and y = y a. The parameters 3 and y correspond to
the ones published by Hulthdn and Sugarawa.
Consider the Watanabe case, eq.(5.39):
<U|U> = 4 tt c o s 2 e
9
dr (e ar - 2e-C6+2a:)r + e-2(ot+6:)r),
= 4tt N2 c o s 2 c 3 2 
2a (3+2a)(a+3)
(E • 3)
and neglecting the terms in ^/ar and (^/ar)2 in eq.(E.2) gives
< u |r 2 |w> = tan e 2a(3+2a)(a+3) 
< U | U >
e-2“r
• 0
0
2 j -(2a+3)r r. -yr. 
r^ dr e v (l.-e 1 ) \ . (E.4)
for the adiabatic case, eq.(5.38); eq.(5.9) may be used to give
= v0 (r) = n2 'd2 +  2 d ' "edl u Mu
r .2p ^dr2
r drJ J r
_ -r 2n cos e. 3 (2a+3)e~ (a+^ r
2 p
(E.5)
The denominator may then be expressed as
<V0 |U> = -fi2 N2 cos2e 47r3(2a+3) 
2p
dr r -(2a+3)r -2(a+3)r-e
= -fi2 N2c o s2e 4tt 3 2 (E.6)
2p 2(a+3)
giving, again neglecting the terms in l/ar and (l/ar)2 in eq.(E.2),
2 , -(2a+3)rr^ dr e v J<VQ |r2|w>= tan e (2a+3) 2(a+3) 
<V |U> 3n l i.
O  - e’Yr) 
(E.7)
A comparison of Watanabe with adiabatic reduces to:
Watanabe T„ eq.(E.4)R
Adiabatic TR eq.(E.7)
2 , “2ar/., *-Y*\2r^ dr e (1-e ' )
2 , -(2a+y)r/.1 -YiVrz dr e v (1-e )
-  1
I o
(E.8)
In eq.(E.8), e_^2a+3^r falls to zero faster than e~2ar. Thus it is 
apparent that the Watanabe TR will be larger in magnitude compared to the 
adiabatic TR.
Consider the numerator in eq.(E.8)
2 , -2arf1 -Y3\2 r^ dr e (1-e )
0
•2 dr (e‘2ar - 2 e-C2a+Y)r + e< 2a*2y)xy
0
(E.9)
The first term in eq.(E.9) becomes
p
2 j -2ar -2ar r^ dr e = e
0 1 
r2 + r + 1
2a c a 2a2
1_
4a3 , (E.10)
-ar
since for large r, r e 0. Taking the other terms into account
finally gives
r2 dr e”2ar(l-e~Yr) = 1  - 4 + 2 (E.ll)
4a3 (2a+y)3 (2a+2y)3
In a similar manner, the denominator in eq.(E.8) becomes
2 j -(2a+3)r -yr. r^ dr e v J (1-e )
0
2 - 4  + 2 (E.12)
(2a+$)3 (2a+3+y)3 (2a+3+2y)3
Using this information, and eq.(E.8), gives for large r
p PD 3 Y
Watanabe TR 
Adiabatic TR
3 1.126 0.5776 17
1.704 4 1.100 0.677 15
5 1.076 0.758 13
3 1.098 0.58 16
1.734 4 1.074 0.68 14
5 1.05 0.762 13
a = 0.2316 fnf1,
where p and are the deuteron effective range and D-state probability, 
respectively.
Thus the Watanabe model predicts, on a rough order of magnitude 
basis, a TR potential which is 10 to 20 times stronger than the adiabatic 
TR for large r.
FIGURE CAPTIONS
Figure 1.1 .
Vector diagram of coordinate system.
Figure 2.1
Comparison between adiabatic and conventional DWBA S-state 
finite range calculation for 12C(p,d) 11C, E^ = 65 MeV 
(Wa 76), using deuteron potentials obtained from adiabatic 
theory DA and from fits to elastic deuteron scattering 
DH1 and DH2 (Hi 68).
Figure 3.1
A diagrammatic representation for the coupling of the
partial waves in the deuteron channel. The partial
waves left unarrowed, are uncoupled, and satisfy the
usual single radial Schrodinger Equation.
Figures 4.1 and 4.2"
The top two segments show a comparison of the singlet
deuteron partial wave magnitudes |x° (r ) I and |y ° (r )|
1 1 1  22 l
calculated via a symmetric approximation (full line) and 
exactly (dashed line) plotted against r^ for
i) a deuteron incident on 208Pb with energy 
E^ = 9.0 MeV (Figure 4.1), 
and ii) a deuteron incident on 90Zr with energy 
E^ = 5.5 MeV (Figure 4.2).
The lower segments illustrate the rough behaviour of 
the singlet partial waves plotted. Shown is the 
magnitude of
in arbitrary units (a.u.) with respect to the
dimensionless variable k r . Again the full line
1 1
corresponds to n in the symmetric approximation and 
the dashed line to n in the exact calculation.
Figure 4.3
A plot of the singlet radial integral magnitudes
lF3 ^ ^ | in arbitrary units (a.u.) with respect to 
2 2 1
the deuteron orbital angular momentum SL^ ; for the 
reactions 90Zr(5,p) 91Zr, = 5.5 MeV and 208Pb(cf,p)
209Pb, E^ = 9.0 MeV. The full line refers to the 
symmetric approximation, and the dashed line to the 
exact calculation. The lines themselves are intended 
to merely guide the eye along the respective points. 
Here
J = £ , J - I  , 1 = 1
1 1 2 2 2 1
Figure 4.4
The asymptotic values of the singlet exact partial
wave magnitudes |xjj % (rmatclv^ Plotted against the
1 1
deuteron orbital angular momentum I for various
1
values of the ’resonant' energy c :
0.06 MeV (small dash line)
0.5 MeV (large dash line)
1.0 MeV (dash-dot line).
e = o
Note:
90 Zr, E ^ = 5.5 MeV - the asymptotic value lies
on the horizontal axis for e £1.0 MeV.
o
208Pb,E^ = 9.0 MeV - the asymptotic value lies
on the horizontal axis for e £ 2.0 MeV.o
Figure 4.5 y4
Shown is the comparison of DWBA (S + singlet + D) 
calculations for the tensor analyzing powers*using 
i) a singlet exact calculation (full line) 
and-ii) a singlet exact plus proton Coulomb spin- 
orbit coupling term (dashed line).
The dots with error bars represent the experimental 
data for the reaction 208Pb(3,p) 209Pb,E^ = 9.0 MeV,
Ex = 1.57 MeV taken from the work of Knutson (Kn 76).
Figures 4.6 and 4.7 96, 97
DWBA (S + D) state calculations (full line) for the 
reaction 208Pb(3,p) 209Pb, E^ = 9.0 MeV leading to
the E = 1.57 MeV = JL+ state (Figure 4.6), and
X 92
the E^ = 2.03 MeV j77 = state (Figure 4.7).
Contributions from coupling to the deuteron singlet
channel have been included (dashed line).
Figure 4.8 .98
DWBA (S + D) state calculations (full line) and
DWBA ( S + singlet + D) calculations for the tensor
analyzing powers featured in Figure 4.6 using
D
r0.432 fm (Kn 75, best fit) 
'•0.484 fm (Re 68).
Figure 4.9 99
As Figure 4.6 except that the deuteron-nucleus 
interaction contains only the Coulomb potential, 
and the coupling to the singlet channel is generated 
via the proton Coulomb spin-orbit potential.
Figures 4.10 and 4.11 101,102
DWBA (S + D) state calculations (full line) for the
reaction 90Zr(d,p) 91Zr, E^ = 5.5 MeV leading to the 
= 1.20 MeV j77 = £+ state (Figure 4.10), and the 
= 2.04 MeV j77 = |.+ state (Figure 4.11). Contributions 
from coupling to the deuteron singlet Channel have been 
included (dashed line).
Figure 5.1
The radial dependence of the real and imaginary form
factors for the deuteron tensor potential calculated
explicitly from
i) Watanabe eq.(5.36) (full line),
and ii) adiabatic eqs.(5.27) and (5.28) (dashed line).
The calculations refer to a deuteron incident on 208Pb
with an energy of 9 MeV.
Figures 5.2 and 5.3
DWBA (S + D) state calculations (full line) for the
reaction 288Pb(3,p) 209Pb, E^ = 9.0 MeV leading to
the E = 1.57 MeV j77 = JL+ state (Figure 5.2), and the 
x 2
E =2.03 MeV j = $+ state (Figure 5.3). A TDX  K C •
tensor force has been included in the deuteron channel;
the dashed line refers to the adiabtic and the
dash-dot line to the Watanabe TD.K
Figure 5.4
Comparison of the relative magnitudes (real parts) of 
the deuteron central, spin-orbit and TD (adiabatic 
and Watanabe) potentials for 208Pb.
Figures 5.5 and 5.6
DWBA (S + D) state calculations (full line) for the 
reaction 90Zr(3,p) 91Zr, E^ = 5.5 MeV leading to the 
E = 1.20 MeV j77 = |+ state (Figure 5.5), and the
= 2.04 MeV ju = l.+ (Figure 5.6). The dash-dot 
line refers to the inclusion of a Watanabe Tn in the 
deuteron channel. The adiabatic T^ produced no 
significant changes to the DWBA (S + D) state 
calculations.
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Abstract: The role o f three-body channels in the analysis o f (p, d) reactions on 12C and 14N at 65 
MeV is re-examined using the Johnson-Soper approach. Excellent agreement is obtained with 
data when known properties of the nucleon-nucleus interaction are included in a consistent way.
1. Introduction
In this paper data from Maryland for (p, d) reactions on 12C  and 14N  at 65 M e V  
[ref. *)] are compared with calculations based on the extension of the D W B A  pro­
posed in refs. 2‘ 3). It was shown in ref. *) that the inclusion of deuteron break-up 
effects using the adiabatic prescription given in refs.2’4) leads to a significant improve­
ment in the fits to the angular distribution for the heavier targets studied (40Ca and 
90Zr), but the situation with the lighter targets was reported to be less clear cut. 
Although the conventional D W B A  was found to be inadequate for these targets, 
the fits obtained when break-up effects were included were not as good as for the 
heavier targets. This raises the interesting possibility that at these energies there m a y  
be specific three-body effects that are not accounted for by the adiabatic assumption 
when light targets are involved. In this note an attempt is made to delineate this 
question further, and it is shown that in fact an excellent fit to the light target data is 
obtained when a physically consistent set of parameters is used in the adiabatic model.
2. Break-up effects in the adiabatic model
In the adiabatic approach to the (p, d) reaction emphasis is placed on giving an 
accurate account of the wave function describing the motion of the neutron and 
proton, which eventually form the outgoing deuteron, in the vicinity of the final 
nucleus (which m ay be in an excited state) and when the neutron and proton are 
within the range of their interaction Vnp. In this region of configuration space the
t Supported in part by the US Energy Research Administration.
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wave function can be adequately represented by the factored form
a)
where
r =  rp- r n, R = i(rp+i*n). (2)
The form (1) assumes that components of the three-body wave function having very 
high n-p relative m o m e n t u m  do not play an important role. The function x(R) is the 
amplitude for finding an n-p pair in the region of configuration space described above 
and in this region will differ in general from the amplitude for finding a deuteron. 
The form (1) is not expected to give an accurate representation of the three-body 
wave function for values of |r| outside the range of Vnp. However, this region does 
not contribute directly to the integral which gives the pick-up amplitude exactly in 
the three-body model used in ref. 2). Further development of these ideas have been 
given by Johnson and Tandy 5), Rawitscher 6), and Farrell, Vincent and Austern 7). 
The way in which deuteron break-up effects are incorporated into the function /(/?) 
in the adiabatic approximation of ref. 2) and the ways in which %(R) differs from the 
amplitude for finding a deuteron at R are reviewed in refs. 2’ 3' 5’ 7) and the 
first of ref. 21). The calculations reported here do not involve any new development 
of the adiabatic approximation for x(R) from that given in ref. 2) and reformulated in 
ref.5). In the conventional D W B A  the function x(R) is generated at all R  by potentials 
which fit elastic deuteron scattering. Insofar as these potentials can be interpreted as 
generating an approximation for finding a deuteron at R, the difference between the 
conventional and adiabatic approaches can be interpreted as arising from three- 
body effects.
According to ref. 5) the distorted wave function, x(R), is to be generated in the 
first approximation by the potential
where |$d> is the deuteron internal wave function and Vn and Vp are nucleon optical 
potentials corresponding to half the outgoing deuteron energy. Effects due to the 
small differences between this and the presciption given in refs. 2* 3) will be discussed 
below.
W h e n  the real parts of F nand Vp are of Woods-Saxon shape, the depths Un and Up, 
and c o m m o n  radius, R, and diffuseness a, the folding involved in eq. (3) is accurately 
represented by taking V to be a Wood-Saxon with the same half-radius, R, but with 
a depth, U, and diffuseness, a, adjusted so that the mean square radius and volume 
integrals of F  are as given exactly by eq. (3). This procedure gives
y  _  < ^ d l F np( F n + F p) | ^ d >  
<$d|Fnp|$d>
9 (3)
U =  UB+UP+5U, (4a)
a = a+da, (4b)
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where f
14n a
/TT TT x n2 a2 —a2 _ da [7ta\2 ,TT , rT x
<5C7 =  (P„+ tf„) - 2 »  - 2  —  —  (U.+ V,),
R 2 (l+(nalR) ) a \ R /
< r 2y = <^dl^np(^ )2l0d)
<^d|Fnp|^d>
A  similar procedure for the imaginary part of F, generated by the imaginary parts 
of Vn and Vp with derivative Woods-Saxon form, and depths Wn, Wp radius R' and 
diffuseness a' gives
W = W p+Wn+-8Wr (7a)
a' = a'+da', (7b)
where
Sa' = , (8a)
10a a ’
s w  =  - SJ l l l + t f n a ' I R ’)2l . (8b)
a
The I ’ s part of F  is taken to have the same strength as the I • a part of the proton 
optical potential. The change in geometry induced in this relatively small part of V
by folding as in eq. (3) is found to have a negligible effect on cross sections. The
tensor force components of F  generated by the D-state component of |0d> are current­
ly under investigation and will be ignored here.
Using the Yamaguchi Vnp [ref. 8)] gives
= 7 (1 +%JIP)+Wfif) . .
8/S2 (1 + y l p f
If the range parameter /? is taken to be 1.334 f m " 1, and y(= 0.2316 f m -1) is deter­
mined by the deuteron binding energy 8' 13), the value
<r2> =  0.394 f m 2 (Yamaguchi), (10a)
is obtained. The Hamada-Johnston 9) and Reid 10) potentials give
<r2> =  0.421 f m 2 (Hamada-Johnston), (10b)
<r2> =  0.51 f m 2 (Reid). (10c)
t Note that the result corresponding to eq. (5b) is given incorrectly in ref. 4).
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Earlier work 2* 3) suggested a different form for V in which <r2> is replaced by
<r2y = Jdr(jr)2Fnp0d (n)
i^Vnp^d
= A
2f
In this case the Yamaguchi potential gives
<r2y  =
=  0.843 f m 2, (12)
with P = 1.334 f m -1.
It was found that at the energies considered here there were negligible changes in 
differential cross sections when the potentials V corresponding to the different values 
of <r2> given in eqs. (10) and (12) were used. All the calculations presented here 
correspond to <r2> =  0.60 fm2 as used in earlier work *).
3. Methods of calculation
The calculations were performed using the D W C O D E  developed by Santos and 
later modified by Harvey12). Integration was carried out from 0 to 15.2 fm and 0 to
14.0 f m  in steps of 0.2 fm for 12C  and 14N  respectively. The m a x i m u m  number of 
partial waves was 25.
The separation energy prescription was used to calculate the bound state neutron 
wave function for a real Woods-Saxon well. The parameters are listed in table 1 and 
are similar to those used in ref.*).
Finite range effects are included in the local energy approximation as discussed 
in ref.13). According to ref. 1)this approximation gives a good account of S-state 
finite range effects for the range of m o m e n t u m  transfer involved here. In this approxi­
mation the relevant properties of the n-p system enter through the parameters D0 
and P defined in sect. 5 of ref.13). The values given in eq. (64) of that reference are 
used here.
The non-locality effects discussed below were incorporated using the methods of 
ref.14).
4. Comparison with experiment
Roos et al.*) reported large effects in the differential cross sections from non­
locality corrections, and this is confirmed here. In fact, using the same parameters 
for the incoming proton and the outgoing deuteron as those used by Roos et al. *) 
(repeated here as D R  in table l) a much superior fit is obtained to both the 12C  (fig. 1) 
and 14N  (fig. 2) data when zero values are used for the ranges of non-locality Pp and 
Pd, in the proton and deuteron channels. This is a disturbing result as the nucleon
dc
r/
df
l 
(m
b/
sr
)
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:C (p ,d ) " c  (3/2 , 0 .0  MeV)10.0
local
 non-local
8 0  100 120
8,c.m.
N fp .d ^ N  ( Vz,  0 .0  MeV)
10.0
local
 non-local
-5 |.o
6 0
8 ,am.
Fig. 1. Finite range S-state calculations for 
12C(p, d)“ C, Ep =  65 MeV, using the P, N  
and DR parameters o f table 1. The dashed 
curve has proton non-locality range /5P =  0.85 
fm, and deuteron non-locality range /?d =  0.85 
fm, and the solid curves have /9P =  /?d =  0.
The data are from ref.1).
Fig. 2. Finite range S-state calculations for 
14N(p, d)13N, Ep =  65 MeV, using the D, N  
and DR parameters o f table 1. The dashed 
and solid curves have the same significance as 
in fig. 1. The data are from ref.1).
------- r . , 1------- 1------- 1—
l2C (p ,d )"c
-----1---  1
(3/2, 0 .0  MeV)
■ ■ w  ■ -  /?<js 0 . 0  fm .v s .
\  —  v\
- £ d = 0 .4 3  fm
'V\ \
-
-
• x
■ i i i
V
\
1 1
2 0  4 0  6 0  8 0 100 120
®c.m.
Fig. 3. Finite range S-state calculations for 12C(p, d)“ C with the same parameters as in fig. 1. The 
parameter /?„ is 0.85 fm and /3d is as shown in the figure. The data are from ref.x).
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T a b l e  1
Distortion parametersa) for 12C(p, d)“ C and 14N(p, d)13N
V r a W w D r' a' Vs.0. rs.o. 0S.O. rc Ref.
p 33.8 1.16 0.75 2.95 1.37 1.37 0.63 6.04 1.064 0.738 1.25 16)
DR 102.0 1.15 0.622 0.0 11.6 1.15 0.616 5.0 1.064 0.622 1.30
DA 96.0 1.16 0.779 5.56 2.58 1.37 0.659 6.04 1.064 0.738 1.25 this work
DB 85.0 1.16 0.779 5.56 2.58 1.37 0.659 6.04 1.064 0.738 1.25 this work
N b) v a 1.16 0.75 0.0 0.0 0.00 0.000 8.3 1.16 0.75 1.25 *)
DHI 67.4 1.25 0.75 0.0 10.9 1.25 0.744 6.0 1.25 0.75 1.30 25)
DH2 83.1 1.05 0.80 0.0 9.1 1.22 0.75 7.0 1.05 0.80 1.30 25)
a) The distorting potentials are defined by
V(R) =  VC(R )~  V f(x ) - i  (  W ~ 4 Wd - 1 )  f ( x ' ) - ( V s.0.+ iW 8.0.) 1  / ( x s.0.)
\  dx /  \M -C I r dr
/  • s
5
f{x ) — [ l+ e x p (x )]~ \ a: =  (R—rAi)/a. 
b) Va =  68.54 MeV for 12C, Va =  60.0 MeV for 14N.
optical potential is expected to be non-local in this energy region and this should be 
reflected in a non-local adiabatic potential, V. A  discussion analogous to that given 
in ref.15) shows that the generalization of eq. (3) to include non-local potentials Va 
and Vp predicts a non-local V with /?d «  £fip. The non-local calculations in figs. 1 
and 2 use the commonly used values /?p =  /?d =  0.85 fm. The results in fig. 3 (and 
similar results for 14N(p, d)) show that reducing the value of jSd to the value suggested 
by theory is not sufficient to produce good agreement with experiment, although use 
of the expected value for /?p(« 0.85 fm) is not inconsistent with experiment provided 
that j?d =  0.
It can be seen from table 1, however, that the potentials used here have other 
features which are not expected to result from the adiabatic model. Thus, the dif­
fuseness of the real part of the D R  potential is substantially less than the diffuseness 
of the incoming proton potential. This is inconsistent with the folding implied by eq. 
(3). Of course, if the diffuseness of the nucleon optical potential was strongly energy- 
dependent, the inconsistency argument would break down. However, there is no 
evidence for such an effect.
The calculations of ref. *) have therefore been repeated using a nucleon optical 
potential of fixed geometry to calculate both the incoming proton distorted wave 
and the distorting potential V (Un = Up is assumed). The same geometry was also 
used for the bound neutron potential. According to ref.1) reasonable variation of the 
latter parameters has a relatively minor effect on theoretical angular distribution 
shapes. The resulting parameters are shown in table 1 where D A  denotes the potential 
Fobtained from eqs. (4)-(8) and <r2> =  0.60 f m 2. The incoming proton potential is 
the same as that used in ref.*) and is taken from Fulmer et al.16).
da
-/
dSI
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C (p,d) C (3/2_ , 0 .0  MeV)
10.0
local
 non-local
0.1
2 0  4 0  6 0  8 0  100 120
'N (p ,d )l3N (V2, 0 .0  MeV)
  local
 non-local
10.0
sb■o
10 2 0  3 0  4 0  5 0 .  6 0
c.m. Q°c.m.
Fig. 4. Finite range S-state calculations for Fig. 5. Finite range S-state calculations for
12C(p, d)u C, Ep =  65 MeV, using the P, N  14N(p, d)13N, Ep =  65 MeV, using the P, N
and DA parameters o f table 1. The dashed and DA parameters o f  table 1. The dashed
curves have (ip =  0.85 fm, /?d = 0.43 fm, and and solid curves have the same significance as
the solid curves have /?p =  /?d =  0. The data in fig. 4. The data are from ref.1).
are from ref.x).
:C(p,d)"c (3/2~ 0 .0  MeV)
 local
 non-local
1.0
2 0  4 0  6 0  8 0  100 120
'C (p .d ) C (3 /2  , 0 . 0  MeV)
10.0
• DA
• DHI
■ DH2
.o
£ i.o -
wb■o
0.1
2 0  4 0  6 0  8 0  100 120
Fig. 6. Finite range S-state calculations for Fig. 7. Comparison between adiabatic and
12C(p, d)11C, Ep =  65 MeV with parameters conventional DWBA S-state finite range cal-
as in fig. 5 except that the outgoing distorting culation for 12C(p, d)“ C, Ep =  65 MeV, using
potential is DB o f table 2. The data are from deuteron potentials obtained from fits to elastic
ref.x). deuteron scattering 2S) (DHI and DH2 of table
1). The solid curve is identical to the dashed 
curve o f fig. 4. The data is from ref.x).
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A  complete specification of the parameters involved in the calculation also requires 
knowledge of the energy dependence of the real part of the nucleon optical potential 
because this potential is needed at the energy of the incident proton and at half the 
outgoing deuteron energy. [The calculations are relatively insensitive to changes in 
the imaginary parts.17).] This is a rather large energy range (« 40 M e V )  and is a 
source of some uncertainty in the calculation. A  number of studies have sug­
gested 18, 19) dUp[dEp «  —  This assumption (with Ep interpreted as a center of 
mass energy) gives the potential shown as D A  in table 1, and the predicted angular 
distribution with /?p =  0.85 fm, /?d =  0.43 fm, are shown in figs. 4 and 5 (broken 
curves). The results obtained with j8p =  )Sd =  0 are shown as solid curves.
It can be seen that with the more consistent potentials an excellent fit is n o w  ob­
tained to both targets when the non-locality effects are properly taken into account. 
It should be noted, however, that the results are sensitive to the assumed value of 
dUp/dEp [ref.16)]. The somewhat inferior fit obtained with dUpfdEp — — 0.2 (poten­
tial D B  in table 1) is shown in fig. 6t.
The spectroscopic factors needed to obtain the fits shown in figs. 4 and 5 are S  = 
2.85 for the ground state in 1XC  and S  = 0.504 for the i~  ground state in 13N. 
These values are about 12 %  higher than the values obtained in ref.*), and in closer 
agreement with the values predicted by Cohen and Kurath 20) (2.85 and 0.69 
respectively).
5. Conclusions
The predictions of conventional D W B A  calculations with deuteron distortion 
parameters taken from fits to elastic deuteron scattering 25) are compared with the 
calculations with the potential D A  in fig. 7. The D W B A  calculations agree well with 
the calculations quoted in ref. *) with the same optical potential parameters and 
performed using a different computer code. The poor agreement with experiment is 
evident. The comparatively superior fits obtained here, and on heavier targets in 
ref.*), using the Johnson-Soper approach suggests that three-body effects in the sense 
discussed at the beginning of sect. 2 are playing an important role in (p, d) reactions 
at 65 MeV. A  firmer conclusion would be possible if several uncertainties in the calcu­
lations could be eliminated.
(a) A  better understanding of the approximations involved in the adiabatic approach 
to three-body effects is becoming available 6'7> 21) but a practical way of incorporating 
the corrections is lacking.
(b) A  correct and useful way of incorporating the energy dependence and non­
locality of the nucleon optical potentials into the three-body model which underlies 
the adiabatic approach is required [see, for example, the discussion of this problem 
in ref. 5)].
t In this calculation fip has been adjusted according to /?p2adI7p/d£’p, as would be approximately 
the case if  the energy dependence was associated entirely with non-locality. This adjustment alone 
has very small effect.
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(c) M o r e  information is required on the optical potential for light nuclei over a 
wide energy range 0-65 M e V .  It should be noted that the proton optical potential 
used does not give a good fit to large angle p-12C  scattering at 61.4 M e V  [ref.16)]. 
A  better understanding of the microscopic basis for the optical potential on light 
targets is required in view of the apparent inadequate nature of current purely phenom­
enological form used.
(d) For the m o m e n t u m  transfers involved in the reactions considered here it is not 
clear that the deuteron D-state can be ignored. Calculations using the approximate 
treatment of D-state effects introduced by Johnson and Santos 13) and found to be 
successful at lower energies give very large D-state effects. However, this low m o ­
mentum transfer approximation is not expected to be valid here, and exact finite 
range calculations are necessary. At lower energies the D-state has a small effect on 
cross sections but is very important in determining analyzing powers 13, 22’ 23). At 
higher energies (« 700 M e V )  the D-state is known to play an important role in 
(p, d) differential cross sections as well 24).
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